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414. 


ON POLYZOMAL CURVES, OTHERWISE THE CURVES 
JU +N V+&e, =0. 


[From the Transactions of the Royal Society of Edinburgh, vol. xxv. (1868), 
pp. 1—110. Read 16th December 1867.] 


Ir U, V, &c., are rational and integral functions (*§a, y, z)’, all of the same 
degree r, in regard to the coordinates (æ, y, 2), then VU+VV+Q&c. is a polyzome, 
and the curve VU+VV+&c.=0 a polyzomal curve. Each of the curves VU=0, 
VV =0, &e. (or say the curves U=0, V=0, &c.) is, on account of its relation of 
circumscription to the curve VU +VV+ &c. =0, considered as a girdle thereto (fdua), 
and we have thence the term “zome” and the derived expressions “polyzome,” 
“zomal,’ &c. If the number of the zomes VU, VV, &e. be =p, then we have a 
v-zome, and corresponding thereto a v-zomal curve; the curves U=0, V=0, &c., are 
the zomal curves or zomals thereof. The cases v=1, v=2, are not, for their own 
sake, worthy of consideration; it is in general assumed that v is=3 at least. It is 
sometimes convenient to write the general equation in the form V/U+&c.=0, where l, 
&c. are constants. The Memoir contains researches in regard to the general v-zomal 
curve; the branches thereof, the order of the curve, its singularities, class, &c.; also 
in regard to the v-zomal curve V1(@ + L®) + &c.= 0, where the zomal curves 0©+L0=0, 
all pass through the points of intersection of the same two curves @=0, ®=0 of 
the orders r and r—s respectively; included herein we have the theory of the 
depression of order as arising from the ideal factor or factors of a branch or branches. 
A general theorem is given of “the decomposition of a tetrazomal curve,” viz. if the 
equation of the curve be VILU +VmV +VnW + VpT =0; then if U, V, W, T are in 
involution, that is, connected by an identical equation aU+bV+cW+d7=0, and if 


; W: l m 
l, m, n, p, satisfy the condition i +-+4 =0, the tetrazomal curve breaks up into 
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two trizomal curves, each expressible by means of any three of the four functions 
U, V, W, T; for example, in the form V/U+Vm’V+¥vp'T=0. If, in this theorem, 
we take p=0, then the original curve is the trizomal VIU+VmV+WnW=0, T is 


any function =-5(aU + bV+cW), where, considering l, m, n as given, a, b, c are 
quantities subject only to the condition FF += =0, and we have the theorem of 
“the variable zomal of a trizomal curve,’ viz. the equation of the trizomal 
Vl17+VmV+VnW=0, may be expressed by means of any two of the three functions 
U, V, W, and of a function T determined as above, for example in the form 
V/U+"Vm'V+Vn'T=0; whence also it may be expressed in terms of three new 
functions T, determined as above. This theorem, which occupies a prominent position 
in the whole theory, was suggested to me by Mr Casey’s theorem, presently referred 
to, for the construction of a bicircular quartic as the envelope of a variable circle. 


In the v-zomal curve VI (®© + L®)+&c.=0, if @=0 be a conic, P=0 a line, 
the zomals ©+Z@=0, &. are conics passing through the same two points @=0, 
® =0, and there is no real loss of generality in taking these to be the circular points 
at infinity—that is, in taking the conics to be circles. Doing this, and using a special 
notation %°=0Q for the equation of a circle having its centre at a given point A, 
and similarly %=0 for the equation of an evanescent circle, or say of the point A, 
we have the v-zomal curve VIA + &c.=0, and the more special form VIY + &c.=0. 
As regards the last-mentioned curve, V/%+&c.=0, the point A to which the equation 
%=0 belongs, is a focus of the curve, viz. in the case v=3, it is an ordinary focus, 
and in the case v>3, it is a special kind of focus, which, if the term were required, 
might be called a foco-focus; the Memoir contains an explanation of the general 
theory of the foci of plane curves. For v=3, the equation VIA +VmB+VnE=0 is 
really equivalent to the apparently more general form VI21°+VmB°+ Vn =0. In fact, 
this last is in general a bicircular quartic, and, in regard to it, the before-mentioned 
theorem of the variable zomal becomes Mr Casey’s theorem, that “the bicircular quartic 
(and, as a particular case thereof, the circular cubic) is the envelope of a variable 
circle having its centre on a given conic and cutting at right angles a given 
circle.” This theorem is a sufficient basis for the complete theory of the trizomal 
curve VIA +VmBS°+Vn€°=0; and it is thereby very easily seen that the curve 
VRE + VmB°+Vn€’=0 can be represented by an equation VYW +Vm'B' +w =0. 
But for v>3 this is not so, and the curve VIM + &c.=0 is only a particular form of 
the curve VIM + &c.=0; and the discussion of this general form is scarcely more 
difficult than that of the special form VIM + &c.=0, included therein. The investi- 
gations in relation to the theory of foci, and in particular to that of the foci of the 
circular cubic and bicircular quartic, precede in the Memoir the theories of the trizomal 
curve VIA +VmB° + Vn€° =0, and the tetrazomal curve VIN? +VmB° + Vn + VpD° = 0, 
to which the concluding portions relate. I have accordingly divided the Memoir into 
four parts, viz. these are—Part I., On Polyzomal Curves in general; Part IL, Subsidiary 
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Investigations; Part IIL, On the Theory of Foci; and Part IV., On the Trizomal and 
Tetrazomal Curves where the zomals are circles. There is, however, some necessary 
intermixture of the theories treated of, and the arrangement will appear more in 
detail from the headings of the several articles. The paragraphs are numbered con- 
tinuously through the Memoir. There are four . Annexes, relating to questions which it 
seemed to me more convenient to treat of thus separately. 


It is right that I should explain the very great extent to which, in the com- 
position of the present Memoir, I am indebted to Mr Casey’s researches. His Paper 
“On the Equations and Properties (1) of the System of Circles touching three circles 
in a plane; (2) of the System of Spheres touching four spheres in space; (3) of the 
System of Circles touching three circles on a sphere; (4) on the System of Conics 
inscribed in a conic and touching three inscribed conics in a plane,’ was read to the 
Royal Irish Academy, April 9, 1866, and is published in their “Proceedings.” The 
fundamental theorem for the equation of the pairs of circles touching three given 
circles was, previous to the publication of the paper, mentioned to me by Dr Salmon, 
and I communicated it to Professor Cremona, suggesting to him the problem solved 
in his letter of March 3, 1866, as mentioned in my paper, “Investigations in connexion 
with Casey’s Equation,’ Quarterly Math. Journ. vol. vil. 1867, pp. 334—341, [895], and 
as also appears, Annex No. IV of the present Memoir. 


In connexion with this theorem, I communicated to Mr Casey, in March or 
April 1867, the theorem No. 164 of the present Memoir, that for any three given 
circles, centres A, B, C, the equation BONN + CA VB? + ABG =0 (where BC, CA, 
AB, denote the mutual distances of the points A, B, C) belongs to a Cartesian. 
Mr Casey, in a letter to me dated 30th April, 1867, informed me of his own mode 
of viewing the question as follows:—‘The general equation of the second order 
(a, b, c, f, g, hýa, B, y} =0, where a, B, y are circles, is a bicircular quartic. If we 
take the equation (a, b, c, f, g, hXX, p, v)?=0 in tangential coordinates (that is, when 
A, 4, v are perpendiculars let fall from the centres of a, 8, y on any line), it denotes 
a conic; denoting this conic by F, and the circle which cuts a, 8, y orthogonally by 
J, I proved that, if a variable circle moves with its centre on F, and if it cuts J 
orthogonally, its envelope will be the bicircular quartic whose equation is that written 
down above;” and among other consequences, he mentions that the foci of F are the 
double foci of the quartic, and the points in which J cuts F single foci of the quartic, 
and also the theorem which I had sent him as to the Cartesian, and he refers to 
his Memoir on Bicircular Quartics as then nearly finished. An Abstract of the 
Memoir as read before the Royal Irish Academy, 10th February, 1867, and published 
in their Proceedings, pp. 44, 45, contains the theorems mentioned in the letter of 
30th April, and some other theorems. It is not necessary that I should particularly 
explain in what manner the present Memoir has been, in the course of writing it, 
added to or altered in consequence of the information which I have thus had of 
Mr Casey’s researches; it is enough to say that I have freely availed myself of such 
information, and that there is no question as to Mr Casey’s priority in anything which 
there may be in common in his memoir on Bicircular Quartics and in the present 
Memoir. 
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Part I. (Nos. 1 to 55)—OnNn POLYZOMAL CURVES IN GENERAL. 


Article Nos. 1 to 4. Definition and Preliminary Remarks. 


1. As already mentioned, U, V, &c. denote rational and integral functions (* a, y, 2)’, 
all of the same degree r in the coordinates (æ, y, z), and the equation 


VU +VV + &&.=0 


then belongs to a polyzomal curve, viz., if the number of the zomes VU, VV, &c. is 
=v, then we have a v-zomal curve. The radicals, or any of them, may contain rational 
factors, or be of the form PVQ; but in speaking of the curve as a v-zomal, it is 
assumed that any two terms, such as PVQ+P’VQ, involving the same radical VQ, 
are united into a single term, so that the number of distinct radicals is always =v; 
in particular (r being even), it is assumed that there is only one rational term P. 
But the ordinary case, and that which is almost exclusively attended to, is that in 
which the radicals VU, VV, &c. are’ distinct irreducible radicals without rational factors. 


2. The curves U= V =0, &c. are said to be the zomal curves, or simply the 
zomals of the polyzomal curve VU+VV+&c.=0; more strictly, the term zomal would 
be applied to the functions U, V, &c. It is to be noticed, that although the form 
VU+VV+é&c.=0 is equally general with the form VIU+~mV + &. =0 (in fact, . in 
the former case, the functions U, V, &c. are considered as implicitly containing the 
constant factors l, m, &c., which are expressed in the latter case), yet it is frequently 
convenient to express these factors, and thus write the equation in the form VLU + VmV + &. 
For instance, in speaking of any given curves U=0, V=0, &c., we are apt, disregarding 
the constant factors which they may involve, to consider U, V, &c. as given functions ; 
but in this case the general equation of the polyzomal with the zomals U=0, V=0, 
&c., is of course VLU +VmV + &c. =0. 


3. Anticipating in regard to the cases v=1, v=2, the remark which will be 
presently made in regard to the v-zomal, that VU +V + &c.=0 is the curve represented 
by the rationalised form of this equation, the monozomal curve VU=0 is merely the 
curve U=0, viz., this is any curve whatever U=0 of the. order r; and similarly, the 
bizomal curve VU+VV=0 is merely the curve U—V=0, viz this is any curve 
whatever Q=0, of the order r; the zomal curves U=0, V=0, taken separately, are 
not curves standing in any special relation to the curve in question 2=0, but U=0 
may be any curve whatever of the order r, and then V=0 is a curve of the same 
order r, in involution with the two curves 2=0, U=0; we may, in fact, write the 
equation Q=0 under the bizomal fom VU+V0Q+U=0. In the case r even, we 
may, however, notice the bizomal curve P+VU=0 (P a rational function of the degree 
r); the rational equation is here Q= Ọ — P? =0, that is U=0Q+P*, viz, P is any 
curve whatever of the order 4r, and U=0O is a curve of the order r, touching the 
given curve Q=0 at each of its r? intersections with the curve P=0. I further 
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remark that the order of the v-zomal curve VV+&.=0 is =2—r; this is right in 
the case of the bizomal curve VU+VV=0, the order being =r, but it fails for the 


monozomal curve /U=0, the order being in this case r, instead of $r, as given by 
the formula. The two unimportant and somewhat exceptional cases v=1, v=2, are 
thus disposed of, and in all that follows (except in so far as this is in fact applicable 
to the cases just referred to), v may be taken to be =3 at least. 


4, It is to be throughout understood that by the curve VU+VV+Q&c.=0 is 
meant the curve represented by the rationalised equation 


Norm VU + VV + &c.) = 0, 


viz. the Norm is obtained by attributing to all but one of the zomes VU, VV, &c., 
each of the two signs +, —, and multiplying together the several resulting values of 
the polyzome; in the case of a v-zomal curve, the number of factors is thus = 2r 
(whence, as each factor is of the degree 4r, the order of the curve is 2. 4r, 
= 2” r, as mentioned above). I expressly mention that, as regards the polyzomal curve, 
we are not in any wise concerned with the signs of the radicals, which signs are and 


remain essentially indeterminate; the equation VU +v V + &.=0, is a mere symbol for 
the rationalised equation, Norm ( VU+VV + &e.)=0. 


Article Nos. 5 to 12. The Branches of a Polyzomal Curve. 


5. But we may in a different point of view attend to the signs of the radicals; 
if for all values of the coordinates we take the symbol fade and consider ,/ U, a y, 
&c. as signifying determinately, say the positive values of VU, VV, &c.; then each of 
the several equations + J0+J/V + &.=0, or, fixing at pleasure one of the signs, 


suppose that prefixed to af U, then each of the several equations JU yy V+ &c. = 0, 
will belong to a branch of the polyzomal curve: a v-zomal curve has thus 2%- 
branches corresponding to the 2” values respectively of the polyzome. The separation 


of the branches depends on the precise fixation of the significations of Niii JV, &e., 
and in regard hereto some further explanation is necessary. 


6. When JU is real and positive, y U may be taken to be, in the ordinary sense, 
the positive value of VU, and so when U is real and negative, ./U may be taken 


to be =i into the positive value of ~—U; and the like as regards JV, &. The 
functions U, V, &c. are assumed to be real functions of the coordinates; hence, for 
any real values of the coordinates, U, V, &c. are real positive or negative quantities, 


and the significations of JU, JV, &c. are completely determined. 


7. But the coordinates may be imaginary. In this case the functions U, V, &c. 
will for any given values of the coordinates acquire each of them a determinate, in 
general imaginary, value. If for all real values whatever of a, 8, we select once for 
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all one of the two opposite values of va+ $i, calling it the positive value, and 


representing it by „a+ £i, then, for any particular values of the coordinates, U being 
=a+ i, the value of „U may be taken to be =./a+{i; and the like as regards 
JV, &. JU, JV, &c. have thus each of them a determinate signification for any 


values whatever, real or imaginary, of the coordinates. The coordinates of a given 
point on the curve VU+VV + &c. =0, will in general satisfy only one of the equations 
JU+J/V+&c.=0; that is, the point will belong to one (but in general only one) of 
the 2— branches of the curve; the entire series of points the coordinates of which 
satisfy any one of the 2” equations, will constitute the branch corresponding to that 
equation. 


8. The signification to be attached to the expression „a+ i should agree with 
that previously attached to the like symbol in the case of a positive or negative 
real quantity; and it should, as far as possible, be subject to the condition of 
continuity, viz, as a+ 2 passes continuously to a+ 9%, so Ma + Bi should pass con- 
tinuously to Va’+ 8%; but (as is known) it is not possible to satisfy universally this 
condition of continuity; viz., if. for facility of explanation we consider (a, 8) as the 
coordinates of a point in a plane, and imagine this point to describe a closed curve 


surrounding the origin or point (0, 0), then it is not possible so to define Va + Bi 
that this quantity, varying continuously as the point moves along the curve, shall, 
when the point has made a complete circuit, resume its original value. The signi- 


fication to be attached to Va + i is thus in some measure arbitrary, and it would 
appear that the division of the curve into branches is affected by a corresponding 
arbitrariness, but this arbitrariness relates only to the imaginary branches of the curve: 
the notion of a real branch is perfectly definite. 


9. It would seem that a branch may be impossible for any series whatever of 
points real or imaginary. Thus, in the bizomal curve VỌ+vVV=0, the branch 


VU+VV=0 is impossible. In fact, for any point whatever, real or imaginary, of the 
curve, we have U=V, and therefore VU=~VV; the point thus belongs to the other 
branch VU—VV=0, not to the branch VU +VV=0; the only points belonging to 
the last-mentioned branch are the isolated points for which simultaneously JU a 0, 


VV = 0; viz., the points of intersection of the two curves U=0, V=0. 


10. It is.not clear to me whether the case is the same in regard to the branch 
VU4+VV4+VW=0 of a trizomal curve. In fact, for each point of the curve 
VU+VV+4%VW =0 we have (U—V— Wy=4VW, and therefore, U — V— W= + wWVVW; 
there may very well be points for which the sign is +; that is, points for which 
U=V+W+2VV VW, and for these points we have + VU= VV + VW; for real values 
of the coordinates the sign on the left hand must be + (for otherwise the two sides 
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would have opposite signs), but there is no apparent reason, or at least no obviously 
apparent reason, why this should be so for imaginary values of the coordinates, and 


if the sign be in fact —, then the point will belong to the branch VT4+VV4+VW=0. 


11. But the branch in question is clearly impossible for any series of real points; 
so that, leaving it an open question whether the epithet “impossible” is to be under- 
stood to mean impossible for any series of real points (that is, as a mere synonym of 
imaginary), or whether it is to mean impossible for any series of points, real or 
imaginary, whatever, I say that in a v-zomal curve some of the branches are or may 
be impossible, and that there is at least one impossible branch, viz. the branch 
VU+NVV + &c. =0. 

12. For the purpose of referriag to any branch of a polyzomal curve it will be 


convenient to consider VU as signifying determinately +VU, or else —VU; and the 
like as regards VV, &c., but without any identity or relation between the signs pre- 
fixed to the VU, VV, &c., respectively; the equation VU +V + &c. =0, so understood, 
will denote determinately some one (that is, any one at pleasure) of the equations 
VU+%VV + &c.=0, and it will thus be the equation of some one (that is, any one at 
pleasure) of the branches of the polyzomal curve — all risk of ambiguity which might 
otherwise exist will be removed if we speak either of the curve VU+¥VV, &.=0, or 
else of the branch VU+"VV+&c.=0. Observe that by the foregoing convention, when 
only one branch is considered, we avoid the necessity of any employment of the sign +, 
or of the sign —; but when two or more branches are considered in connection with 
each other, it is necessary to employ the sign — with one or more of the radicals 
VU, VV, &c.; thus in the trizomal curve VU+VV+4VW=0, we may have to consider 
the branches VU+VV+VW=0, VU+VV—-VW=0; viz, either of these equations 
apart from the other denotes any one branch at pleasure of the curve, but when 
the branch represented by the one equation is fixed, then the branch represented by 
the other equation is also fixed. 


Article Nos. 13 to 17. The Points common to Two Branches of a Polyzomal Curve. 


13. I consider the points which are situate simultaneously on two branches of 
the v-zomal curve VU+VV+é&c.=0. The equations of the two branches may be taken 
to be 

VU + &e. +(V W + &.) = 0, 


VU + &e. — (VW + &e.) = 0, 
viz., fixing the significations of VU, VV, VW, &c. in such wise that in the equation 


of one branch these shall each of them have the sign +, we may take VU, &c. to 
be those radicals which, in the equation of the other branch, have the sign +, and 
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VW, &c. to be those radicals which have the sign —. The foregoing equations break 
up into the more simple equations 


VU+&e.=0, VW+&c. = 0, 


which are the equations of certain branches of the curves VU + &c. =0, and VW + &e. = 0, 
respectively, and conversely each of the intersections of these two curves is a point 
situate simultaneously on some two branches of the original v-zomal curve VU + VV + &c. =0. 
Hence, partitioning in any manner the v-zome VU +V + &c. into an a-zome, VU = &c. 
and a B-zome VW + &c. (a+8 =v), and writing down the equations 


VU + &.=0, VW+ &.=0 


of an a-zomal curve and a #-zomal curve respectively, each of the intersections of 
these two curves is a point situate simultaneously on two branches of the v-zomal 
curve; and the points situate simultaneously on two branches of the v-zomal curve 
are the points of intersection of the several pairs of an a-zomal curve and a §-zomal 
curve, which can be formed by any bipartition of the v-zome. 


14, There are two cases to be considered :—First, when the parts are 1, v— 1 (v—1 is>1, 
except in the case v= 2, which may be excluded from consideration), or say when the 
v-zome is partitioned into a zome and antizome. Secondly, when the parts a, 8, are 
each >1 (this implies v=4 at least), or say when the v-zome is Beat into a 
pair of complementary parazomes. 


15. To fix the ideas, take the tetrazomal curve VU+VV4+VW+4+V7T= 0, and 


consider first a point for which VU=0, VV+VW+¥VT=0. The Norm is the product 
of (2° =) 8 factors; selecting hereout the factors 


VU+NV4VW 447, 
VU-VV—-VW_-VT, 
let the product of these A x ik 
=U-(VWV4+VW4+4VT) 
be called F, and the product of the remaining six factors be called @; the rationalised 
equation of the curve is therefore FG=0. The derived equation is GdF + FdG=0; 


at the point in question VU=0, VV+VW+V7=0; G@ and dG are each of them 
finite (that is, they neither vanish nor become infinite), but we have 


F=0, dF=dU —WV4VW+4T) (dV +VV4+dW+VW+dT+V7), =dU, 


and the derived equation is thus GdU=0, or simply dU=0. It thus appears that 
the point in question is an ordinary point on the tetrazomal curve; and, further, that 
the tetrazomal curve is at this point touched by the zomal curve U=0. And similarly, 
each of the points of intersection of the two curves VU=0, VV+VW+VT=0, is an 
ordinary point on the tetrazomal curve; and the tetrazomal curve is at each of these 
points touched by the zomal curve U=0. 
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16. Consider, secondly, a point for which VU+VV=0, VW+VT=0: to form the 
Norm, taking in this case the two factors 


VU +V +W +T, 


VU+VV—-VW-NT, 
let their product 


=(VU+VVP-VW+VTY 


be called F, and the product of the remaining six factors be called G; the rationalised 
equation is FG=0, and the derived equation is FdG+GdF=0. At the point in 
question G and dG are each of them finite (that is, they neither vanish nor become 
infinite), but we have 


F=0, dF=(VU+VV) (dU +VU4dV+VV)-VW+VT)(dW+VW+dT+VT), =0, 


that is, the derived equation becomes identically 0=0; the point in question is thus 
a singular point, and it is easy to see that it is in fact a node, or ordinary double 
point, on the tetrazomal curve. And similarly, each of the points of intersection of 


the two curves VU+VV=0, VW+¥VT=0 is a node on the tetrazomal curve. 


17. The proofs in the foregoing two examples respectively are quite general, and 
we may, in regard to a v-zomal curve, enunciate the results as. follows, viz., in a 
v-zomal curve, the points situate simultaneously on two branches are either the inter- 
sections of a zomal curve and its antizomal curve, or else they are the intersections 
of a pair of complementary parazomal curves. In the former case, the points in 
question are ordinary points on the v-zomal, but they are points of contact of the 
v-zomal with the zomal; it may be added, that the intersections of the zomal and 
antizomal, each reckoned twice, are all the intersections of the v-zomal and zomal. 
In the latter case, the points in question are nodes of the v-zomal; it may be added, 
that the v-zomal has not, in general, any nodes other than the points which are thus 
the intersections of a pair of complementary parazomals, and that it has not in general 
any cusps. 


Article Nos. 18 to 21. Singularities of a v-zomal Curve. 


18. It has been already shown that the order of the v-zomal curve is = 2% r. 
Considering the case where v is =3 at least, the curve, as we have just seen, has 
contacts with each of the zomal curves, and it has also nodes. I proceed to determine 
the number of these contacts and nodes respectively. 


19. Consider first the zomal curve U=0, and its antizomal VV +4 W + &c. =0, 
these are curves of the orders r and 2”*r respectively, and they intersect therefore 
in 2%—r? points. Hence the v-zomal touches the zomal in 2%—r? points, and reckoning 
each of these twice, the number of intersections is =2%—2r?, viz., these are all the 
intersections of the v-zomal with the zomal U=0. The number of contacts of the 
y-zomal with the several zomals U=0, V=0, &c., is of course = 2”- 7p, 
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20. Considering next a pair of complementary parazomal curves, an a-zomal and 
a $-zomal respectively (a+ =v), these are of the orders 2**r and 26, respectively, 
and they intersect therefore in 2*+8-*7?=2»-47* points, nodes of the v-zomal. This 
number is independent of the particular partition (a, 8), and the v-zomal has thus 
this same number, 2’~*r?, of nodes in respect of each pair of complementary parazomals ; 
hence the total number of nodes is = 2—47? into the number of pairs of complementary 
parazomals. For the partition (a, 8) the number of pairs is =[v]”+[a]*[@]*, or when 
a=, which of course implies v even, it is one-half of this; extending the summation 
from a=2 to a=v—2, each pair is obtained twice, and the number of pairs is thus 
= $2 |[v] + [a]  [8]F}; the sum extended from a=0 to a=v is (1+1)’, = 2”, but we 
thus include the terms 1, v, v, 1, which are together =2v+2, hence the correct value 
of the sum is = 2 — 2v — 2, and the number of pairs is the half of this =2”7-—v—1. 
Hence the number of nodes of the v-zomal curve is =(2— — v — 1) X= 7°, 


21. The v-zomal is thus a curve of the order %—r, with (2”?-—v—1)2”*r 
nodes, but without cusps; the class is therefore 


= 2 r [(v + 1)r—2], 
and the deficiency is 
= 2*“*r [(v+1)r—6)+1. 


These are the general expressions, but even when the zomal curves U=0, V=0, &c., 
are given, then writing the equation of the v-zomal under the form VIU+VmV + &c. =0, 
the constants l : m : &c., may be so determined as to give rise to nodes or cusps 
which do not occur in the general case; the formule will also undergo modification 
in the particular cases next referred to. 


Article Nos. 22 to 27. Special Case where all the Zomals have a Common Point or 
Points. 


22. Consider the case where the zomals U=0, V=0 have all of them any 
number, say k, of common intersections—these may be referred to simply as the common 
points. Each common point is a 2”*-tuple point on the v-zomal curve; it is on each 
zomal an ordinary point, and on each antizomal a 2’—*-tuple point, and on any a-zomal 
parazomal a 2%-*-tuple point. Hence, considering first the intersections of any zomal 
with its antizomal, the common point reckons as 2’~* intersections, and the k common 
points reckon as 2” intersections; the number of the remaining intersections is 
therefore =2’-*(7?—k), and the zomal touches the v-zomal in each of these points. 
The intersections of the zomal with the v-zomal are the k-common points, each of 
them a 2%—-tuple point on the v-zomal, and therefore reckoning together as 2”k 
intersections; and the 2’-*(r?—k) points of contact, each reckoning twice, and therefore 
together as 2”*(r?—k) intersections (22k + 2° (r? -k)=2"r?, =r.2r); the total 
number of contacts with the zomals U=0, V=0, &c., is thus = 2”*(r*—k) pv. 
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23. Secondly, considering any pair of complementary parazomals, an a-zomal and 
a B-zomal, each of the common points, being a 2%-*-tuple point and a 28—-tuple point 
on the two curves respectively, counts as 2*+8-4, = 2— intersections, and the k common 
points count as 2”-‘k intersections; the number of the remaining intersections is there- 
fore =2”-*(r?—k), each of which is a node on the v-zomal curve; and we have thus 
in all 2»-*(2"7— »y—1)(7?—k) nodes. 


24, There are, besides, the Æ common points, each of them a 2—-tuple point 
on the v-zomal, and therefore each reckoning as 42”*(2”*-—1), =2*—5— 2%— double 
points, or together as (2%-*—2’-*)k double points. Reserving the term node for the 
above-mentioned nodes or proper double points, and considering, therefore, the double 
points (dps.) as made up of the nodes and of the 2”~-tuple points, the total number 
of dps. is thus 

2-4 (21 — v — 1) (r? — k) + (2% — X) k, 

= 27-4 (2 — v= 1) e+ {v4 1) 2*- 24k; 
or finally this is 

= 2-4 {(2"1-y—- 1) 774+ (v—-1)}; 
so that there is a gain =2”*(v—1)k in the number of dps. arising from the k 
common points. There is, of course, in the class a diminution equal to twice this 
number, or 2’-*(yv—1)k; and in the deficiency a diminution equal to this number, or 
2” (v —1)k. 


25. The zomal curves U=0, V =0, &c., may all of them pass through the same 
v? points; we have then k=, and the expression for the number of dps. is 
= (2-5 — =) r?, viz, this is = 42” (2—2 —1)r? But in this case the dps. are nothing 
else than the r? common points, each of them a 2”’~*-tuple point, the v-zomal curve 
in fact breaking up into a system of 2” curves of the order r, each passing through 
the 7? common points. This is easily verified, for if @=0, ®=0 are some two curves 
of the order r, then, in the present case, the zomal curves are curves in involution 
with these curves; that is, they are curves of the form 10+ V® =0, mMO9+m'®= 0, &c., 
and the equation of the v-zomal curve is 


VIO + UP +m + mÒ + &e. = 0. 


The rationalised equation is obviously an equation of the degree 2— in ©, ®, giving 
therefore a constant value for the ratio ®© : ®; calling this q, or writing O= q®, we 


have ait abide 
Vlg +U +Vmq +m + &e. =0, 


viz., the rationalised equation is an equation of the degree 2”? in q, and gives there- 
fore 2” values of q. And the v-zomal curve thus breaks up into a system of 2” 
curves each of the form @—qb=0, that is, each of them in involution with the 
curves @=0, ®=0. The equation in q may have a multiple root or roots, and the 
system of curves so contain repetitions of the same curve or curves; an instance of 
this (in relation to the trizomal curve) will present itself in the sequel; but I do not 
at present stop to consider the question. 
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26. A more important case is when the zomal curves are each of them in 
involution with the same two given curves, one of them of the order r, the other of 
an inferior order. Let @=0 be a curve of the order r, ®=O0 a curve of an inferior 
order r—s; L=0, M=0, &c., curves of the order s; then the case in question is 
when the zomal curves are of the form 0+ L®=0, 0+ MẸ =0, &c., the equation of 
the v-zomal is 


V1(@ + L®) + Vm (®© + MD) + &. = 0, 


where J, m, &c. are constants. This is the most convenient form for the equation, and 
by considering the functions L, M, &c. as containing implicitly the factors I=, m—, We. 
respectively, we may take it to include the form vlO + LỌ +Vm®+ MO + &.=0, 
which last has the advantage of being immediately applicable to the case where any 
one or more of the constants l, m, &c. may be .= 0. 


27. In the case now under consideration we have the r(r—s) points of inter- 
section of the curves @=0, ®=0 as common points of all the zomals. Hence, putting 
in the foregoing formula k=r(r—s), we have a v-zomal curve of the order 27, 
having with each zomal 2%—rs contacts, or with all the zomals 2”-*rsvy contacts, having 
a node at each of the 2”‘rs intersections (not being common points ©=0, ®=(0) 
of each pair of complementary parazomals; that is, together 2”*(2”"—vy—1)rs nodes, 
and having, besides, at each of the r(r—s) common points, a 2”-*-tuple point, counting 
as 2-5 2—3 dps., together as (2*-*—2”-*) r(r—s) dps.; whence, taking account of the 
nodes, the total number of dps. is = 2”*r[(2” — 2) r —(v—1) s]. 


Article Nos. 28 to 37. Depression of Order of the v-zomal Curve from the Ideal Factor 
of a Branch or Branches. 


28. In the case of the r(r—s) common points as thus far considered, the order 
of the v-zomal curve has remained throughout = 2—r, but the order admits of 
depression, viz., the constants l, m, &c., and those of the functions L, M, &c., may be 
such that the Norm contains the factor ®*; the v-zomal curve then contains as part 
of itself (b°=0) the curve ®=0 taken w times, and this being so, if we discard 
the factor in question, and consider the residual curve as being the v-zomal, the order 
of the v-zomal will be = 2r — øw (r — s8). 


29. To explain how such a factor ®* presents itself, consider the polyzome 
VI(@+L®) + &c., or, what is the same thing, Vi V@+L®+ &c., belonging to any 
particular branch of the curve, we may, it is clear, take V@+ LỌ, &c. each in a fixed 


signification as equivalent to VO + LỌ, &c., respectively, and the particular branch will 


then be determined by means of the significations attached to Vl, Vm, &c. Expanding 
the several radicals, the polyzome is 


® g 


viivat 2p 


+ wo, + &e.; 
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or, what is the same thing, it is 
VO (VE + &.) Ey (LV + &e.) — 4 = (LNT + be.) + Bo. 
VO © Ve 


which expansion may contain the factor ®, or a higher power of ®. For instance, if 
we have Vi+&c.=0, the expansion will then contain the factor ®; and if we also 
have LVT +&c.=0 (observe this implies as many equations as there are asyzygetic 
terms in the whole series of functions L, M, &c.; thus, if L, M, &c., are each of them 
of the form aP +bQ+ cR, with the same values of P, Q, R, but with different values 
of the coefficients a, b, c, then it implies the three equations aVvi+ &e. =0, byl + &e. =0, 
cV1+&c.=0; and so in other cases), if I say Lvi+é&c. be also =0, then the 
expansion will contain the factor ®%, and so on; the most general supposition being, 
that the expansion contains as factor a certain power ®* of ®. Imagine each of the 
polyzomes expanded in this manner, and let certain of the expansions contain the 
factors e, 8, &e., respectively. The produce of the expansions is identically equal to 
the product of the unexpanded polyzomes—that is, it is equal to the Norm; hence, 
if a+ B+ &c.=o, the Norm will contain the factor ®». 


30. It has been mentioned that the form V/(@+L®) is considered as including the 
form VIO + LỌ, that is, when 1 =0, the form VZ®. If in the equation of the v-zomal curve 
there is any such term—for instance, if the equation be VLỌ +Vm(@ + MO) + &c. = 0, 
the radical VZ® contains the factor ©; but if Z contains as factor an odd or an 
even power of ®, then VZ® will contain the factor ®* where a is either an integer, 
or an integer +4. Consider the polyzome VLỌ +m (®+M®)+ &c., belonging to any 
particular branch of the curve; the radical VZ® contains, as just mentioned, the factor 
a, and if the remaining terms Vm(®+M®)+&c., are such that the expansion 
contains as factor the same or any higher power of ®, then the expansion of the 
polyzome VLb4+Vm(O+M®) + &c., belonging to the particular branch will contain the 
factor ©; and similarly we may have branches containing the factors ®*, D8, &c., 
whence, as before, if o=a+@+&c., the Norm will contain the factor ®*; the only 
difference is, that now a, 8, &c., instead of being of necessity all integers, are each 
of them an integer, or an integer +4; of course, in the latter case the integer may 
be zero, or the index be =4. It is clear that w must be an integer, and it is, in 
fact, easy to see that the fractional indices occur in pairs; for observe that a being 
fractional, the expansion of Vm (@+M®) + &c., will contain not +, but a higher power, 
+7, where a + q is an integer; whence each of the polyzomes VLO + (Vm (© + M®) + &c.) 
will contain the factor +. 


31. Observe that in every case the factor ®* presents itself as a factor of the 
expansion of the polyzome corresponding to a particular branch of the curve; the 
polyzome itself does not contain the factor ®*, and we cannot in anywise say that the 
corresponding branch contains as factor the curve ®@*=0; but we may, with great 
propriety of expression, say that the branch ideally contains the curve ®*=0; and this 
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being so, the general theorem is, that if we have branches ideally containing the curves 
=- =0, P =0, &e. respectively, then the v-zomal curve contains not ideally but actually 
the factor ®e =0 (w=a+8+4&c.), the order of the v-zomal being thus reduced from 
=r to 2°*r—w(r—s); and conversely, that any such reduction in the order of the 
v-zomal arises from the factors @*=0, ©8=0, &c., ideally contained in the several 
branches of the v-zomal. 


32. It is worth while to explain the notion of an ideal factor somewhat more 
generally; an irrational function, taking the irrationalities thereof in a determinate 
manner, may be such that, as well the function itself as all its differential coefficients 
up to the order a—1, vanish when a certain parameter ® contained in the function 
is put =0; this is only saying, in other words, that the function expanded in ascending 
powers of ©® contains no power lower than *; and, in this case, we say that the 
irrational function contains ideally the factor ®*. The rationalised expression, or Norm, 
in virtue of the irrational function (taken determinately as above) thus ideally con- 
taining +, will actually contain the factor ®*; and if any other values of the 


irrational function contain respectively 8, &c., then the Norm will contain the factor 
CpatB+ &e. 


33. A branch ideally containing ©*=0 may for shortness be called integral or 
fractional, according as the index « is an integer or a fraction; by what precedes 
the fractional branches present themselves in pairs. If for a moment we consider 
integral branches only, then if the v-zomal contain ®=0, this can happen in one way 
only, there must be some one branch ideally containing ®=0; but if the v-zomal 
contain ®?=0, then this may happen in two ways,—either there is a single branch 
ideally containing ©?=0, or else there are two branches, each of them ideally con- 
taining ®=0. And generally, if the v-zomal contain @°=0, then forming any partition 
w=a4a + +&c. (the parts being integral), this may arise from there being branches 
ideally containing ®*=0, ©? =0, &c. respectively. The like remarks apply to the case 
where we attend also to fractional branches,—thus, if the v-zomal contain ®=0, this 
may arise (not only, as above mentioned, from a branch ideally containing ® = 0, but 
also) from a pair of branches, each ideally containing ©!=0. And so in general, if 
the v-zomal contain ®*=0, the partition w=a+ 8+ &c. is to be made with the parts 
integral or fractional (=4 or integer +4 as above), but with the fractional terms in 
pairs; and then the factor ®’=0 may arise from eee ideally containing 7 = 0, 
PL =0, &. respectively. 


34. Any zomal, antizomal, or parazomal of a v-zomal curve, yI (© + L®) + &e. = 0, 
is a polyzomal curve (including in the term a monozomal curve) of the same form 
as the v-zomal; and may in like manner contain ®=0, or more generally, ®” = 0, 
viz, if œ =a + + &c. be any partition of w as above, this will be the case if the 
zomal, antizomal, or parazomal has branches ideally containing ®*=0, P =0, &c. 
respectively. It is to be observed that if a zomal, antizomal, or parazomal contain 
®=0, or any higher power ®*=0, this does not in anywise imply that the zomal 
contains even ®= 0. But if (attending only to the most simple case) a zomal and its 
antizomal, or a pair of complementary parazomals, each contain ®= 0 inseparably (that 

61—2 
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is, through a single branch ideally containing @=0), then the v-zomal will have two 
branches, each ideally containing ®=0, and it will thus contain @*=0. In fact, if in 
the zomal and antizomal, or in the complementary parazomals, the branches which 
ideally contain ®=0 are 


V1(O+ L®) + &.=0, Vn(@+ N®)+ &c. = 0 


respectively (for a zomal, the +&c. should be omitted, and the first equation be written 
VI(® + L®) =0), then in the v-zomal there will be the two branches 


(Vi(@+ L®) + &e.) + (vn (O + N®) + &c.) =0, 
each ideally containing ® = 0. 


Conversely, if a v-zomal contain ®?=0 by reason that it has two branches each 
ideally containing ® =0, then either a zomal and its antizomal will each of them, or 
else a pair of complementary parazomals will each of them, inseparably contain ® = 0. 


35. Reverting to the case of the v-zomal curve 
Vi (© + LE) + Vm (© + M®) + &c. = 0, 


which does not contain ® = 0, each of the r(r—s) common points O0=0, ®=0 is a 
2’-tuple point on the v-zomal; each of these counts therefore for 2” intersections 
of the v-zomal with the curve ®=0, and we have thus the complete number 
2’ r(r—s) of intersections of the two curves, viz., the curve ®=0 meets the v-zomal 
in the r(r—s) common points, each of them a 2—-tuple point on the v-zomal, and 
in no other point. 


36. But if the v-zomal contains ®=0, then each of the r(r—s) common points 
is still a 2”~-tuple point on the aggregate curve; the aggregate curve therefore 
passes 2” times through each common point; but among these passages are included 
wœ passages of the curve ®=0 through the common point. The residual curve—say 
the v-zomal—passes therefore only 2”?—w@ times through the common point; that is, 
each of the r(r—s) common points is a (2’*—@) tuple point on the v-zomal. The 
curve ®=0 meets the v-zomal in {2”*r—w(r—s)}(r—s) points, viz, these include 
the r(7—s) common points, each of them a (2”*—q) tuple point on the v-zomal, and 
therefore counting together as (2”"-—w)r(r—s) intersections; there remain consequently 
ws(r—s) other intersections of the curve @=0 with the v-zomal. 


37. In the case where the v-zomal contains the factor @’°=0, then throughout 
excluding from consideration the r(r—s) common points O@=0, ®=0, the remaining 
intersections of any zomal with its antizomal are points of contact of the zomal with 
the v-zoma], and the remaining intersections of each pair of complementary parazomals 
are nodes of the v-zomal, it being understood that if any zomal, antizomal, or parazomal 
contain a power of @=0, such powers of @=0 are to be discarded, and only the 
residual curves attended to. The number of contacts and of nodes may in any 
particuiar case be investigated without difficulty, and some instances will present 
themselves in the sequel, but on account of the different ways in which the factor 
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e =0 may present itself, ideally in a single branch, or in several branches, and the 
consequent occurrence in the latter case of powers of ®=0 in certain of the zomals, 
antizomals, or parazomals, the cases to be considered would be very numerous, and 
there is no reason to believe that the results could be presented in any moderately 
concise form; I therefore abstain from entering on the question. 


Article Nos. 38 and 39. On the Trizomal Curve and the Tetrazomal Curve. 


38. The trizomal curve 
VU0+VV4+VW=0 
has for its rationalised form of equation 
U+ V2?+ W?-2VW-—-2WU—-2UV=0; 
or as this may also be written, 
(1, 1, 1, —1, -1, -1)(U, V, Wy=0; 
and we may from this rational equation verify the general results applicable to the 
case in hand, viz., that the trizomal is a curve of the order 2r, and that 
U =0, at each of its 7? intersections with V — W =0, 
ai y i ro ae 
W=0, » P. U-V =0, 


respectively touch the trizomal. There are not, in general, any nodes or. cusps, and 
the order being = 2r, the class is = 2r (2r — 1). 


39. The tetrazomal curve 
VU+VV+VW+VT=0 

has for its rationalised form of equation 

(U?+ V? + W2+ 7?-2UV—-2UW —-2UT-—2VW-—2VT—2WT)— 64UVWT =0, 
and we may hereby verify the fundamental properties, viz. that the tetrazomal is a 
curve of the order 4r, touched by each of the zomals U=0, V=0, W=0, T=0 in 
2r? points, viz, by U=0 at its intersections with VU+VW+VT=0, that is, 
V?+ W?+ T?-2VW-—2VT—2WT=0; (and the like as regards the other zomals), and 
having 3r? nodes, viz. these are the intersections of VU+VV=0, VW+VT= 0), 
(VU+VW=0, VV4+VT=0), WU+VT=0, VV+VW=0), or, what is the same thing, 


the intersections of (U — V =0, W—T=0), (U-W=0, V—T=0), (U-—T=0, V-W=0). 
There are not in general any cusps, and the class is thus = 4r (4r — 1) — 6r’, = 10r? — 4r. 
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Article Nos. 40 and 41. On the Intersection of two v-Zomals having the same 
Zomal Curves. 


40. Without going into any detail, I may notice the question of the intersection of 
two v-zomals which have the same zomal curves—say the two trizomals VU+VV+VW=0, 
VIU + VmV+VnW =0, or two similarly related tetrazomals. For the trizomals, writing 
the equations under the form 


VU+VV4VWH=0, VIVU+VmVV4+VnVW =0, 
then, when these equations are considered as existing simultaneously, we may, without 
loss of generality, attribute to the radicals VU, VV, VW, the same values in the two 
equations respectively; but doing so, we must in the second equation successively 


attribute to all but one of the radicals Vl, Vm, Vn, each of its two opposite values. 
For the intersections of the two curves we have thus 


VU :VV:VW=Vm—Vn: Vn—V1 : Nl- Vm, 
viz., this is one of a system of four equations, obtained from it by changes of sign, 


say in the radicals Vm and Vn. Each of the four equations gives a set of r? points; 
we have thus the complete number, =47%, of the points of intersection of the two 


curves. 


41. But take, in like manner, two tetrazomal curves; writing their equations in 

the form 
VU+ NV+ VW+ VT=0, 
ViINT + VmVV4+VnVW+VpVvT=0, 
then VU, VV, VW, vT may be considered as having the same values in the two 
equations respectively, but we must in the second equation attribute successively, say 
to Vm, Vn, Vp, each of their two opposite values. For the intersections of the two 
curves we have 
(Vim —VIVV + (Vn —Vi VW + Wp VT VF =0, 
(Vi — Vm) VU +(Vn— Vm) VW + (Vp —Vm) VT = 0, 

viz., this is one of a system of eight similar pairs of equations, obtained therefrom by 
changes of sign of the radicals Vm, Vn, Vp. The equations represent each of them a 
trizomal curve, of the order 2r; the two curves intersect therefore in 4r? points, and 
if each of these was a point of intersection of the two tetrazomals, we should have 
in all 8 x 4r?=32r intersections. But the tetrazomals are each of them a curve of 
the order 4r, and they intersect therefore in only 16r? points. The explanation is, 
that not all the 4r? points, but only 2r? of them are intersections of the tetrazomals. 
In fact, to ‘find all the intersections of the two trizomals, it is necessary in their two 
equations to attribute opposite signs to one of the radicals VW, VT; we obtain 2r? 
intersections from the equations as they stand, the remaining 2r? intersections from the 
two equations after we have in the second equation reversed the sign, say of ~T. 
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Now, from the two equations as they stand we can pass back to the two tetrazomal 
equations, and the first-mentioned 2r? points are thus points of intersection of the 
two tetrazomal curves—from the two equations after such reversal of the sign of 


VT, we cannot pass back to the two tetrazomal equations, and the last-mentioned 27° 
points are thus not points of intersection of the two tetrazomal curves. The number 
of intersections of the two curves is thus 8 x 27°, = 16r?, as it should be. 


Article Nos. 42 to 45. The Theorem of the Decomposition of a Tetrazomal Curve. 
42. I consider the tetrazomal curve 
VIU +VmV + VnW + VpT =0, 
where the zomal curves are in involution,—that is, where we have an identical relation, 
aU+ bV+ cW+ dT=0; 
and I proceed to show that if l, m, n, p satisfy the relation 


l m n PAR 
L FAET F 


the curve breaks up into two trizomals, In fact, writing the equation under the form 
(VlU+VmV + VnWy— pl =0, 
and substituting for 7 its value, in terms of U, V, W, this is 
(ld + pa) U + (md + pb) V + (nd + pc) W 
+2Vmnd VVW+2VnldV WU +2 Vimd VUV =0; 


or, considering the left-hand side as a quadric function of (VU, VV, VW), the condition 
for its breaking up into factors is 


|ld+pa, dvVim, dvin |=9, 
dml, md+pb, dvmn 


dvnl, dvnm, nd+pe | 
that is 
p? (Ubed + meda + ndab + pabc) = 0, 


or finally, the condition is 
“+ Ft s+ =o 
43. Multiplying by ld + pa, and observing that in virtue of the relation we have 
(ld + t (md + pb) = lmd? — = pn, 


(ld + pa) (nd + pe) = Ind? — a pm, 
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the equation becomes 
(a+ pay V+ Vim vV +a vin vW) =p (bvavV—cvmvW) , 
or as this is more conveniently written 
~T. E 
(( +a) VU +m + vaW) = at (bvnV- ev) , 


an equation breaking up into two equations, which may be represented by 


VLU +VmV+vnW =0, ViL0+Vm,V +Vn,W =0, 
where 


ft 4 a p 
dvi Ft Ake aN T 


Ngee ae ae Do A sone APE 
Vin, =vm-a/ pba : Ving = in + n/ 2B b Vi 


Vi, =Nny/ Efem , Vin =n -a/ 2 Bev, 


where, in the expressions for VJ, &., the signs of the radicals 


mn VE A cos 
~I, vm, Vn, hod i 


may be taken determinately in any way whatever at pleasure; the only effect of an 
alteration of sign would in some cases be to interchange the values of (v Lm, Vn) 
with those of (V, Vme, Ving). The tetrazomal curve thus breaks up into two trizomals. 


44. It is to be noticed that we have 


44444 
a 
Mee 
+ pted 7 
apt peje 
araa 
A apb m0 
that is 
n t ag 
aaee o ee 
and that similarly we have 
h M o 
eee * 
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The meaning is, that, taking the trizomal curve Vl, U + Vm, V +n, W =0, this regarded as a 


tetrazomal curve, Vl,7+Vm,V + Vn, W + V07'= 0, satisfies the condition of T + a + =0; 


and the like as to the trizomal curve Vl,7+W7m,V+%Vn.W =0. 


45. The equation by which the decomposition was effected is, it is clear, one of 
twelve equivalent equations; four of these are 


(Wi S Vm Fa 1% ) (vu, VV. VW, VP) = 
e(o VaW-ovnW), 


bkas (e pW — a vaT), 


cda m 
(vi , 0 » hao Vp )( j J= 
up = (a vT -avpU), 
(I  , vm 0 vp +2) ( f y= 

abe p (#¥mU -b IV), 


and the others may be deduced from these by a cyclical permutation of (U, V, W), 
(a, b, c) (l, m, n), leaving T, d, p unaltered. 


Article Nos. 46 to 51. Application to the Trizomal; the Theorem of the Variable Zomal. 
46. I take the last equation written under the form 
(aVmT—bvivyp= 2 (vip0 + vmpV +(p+%")VT) ,. 
which, putting therein p=0, is 
(avmU—b VIVY = a: nT, 


which is in fact the trizomal curve, 


a VmU—bVIV +4/ nt =0, 
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viz., the trizomal curve VIU + VnV +VnW =0,—if a, b, c be any quantities connected 
by the equation 

Lr lie AE 
ee ae a 
(the ratios a, b, c thus involving a single arbitrary parameter); and if we take T a 
function such that aU+bV+cW+d7=0; that is, T=0, any one of the series of 
curves aU +bV+cW= 0, in involution with the given curves U=0, V=0, W=0,— 
has its equation expressible in the form 


avint —bVIV +/ nro; 


that is, we have the curve T=0 (the equation whereof contains a variable parameter) 


as a zomal of the given trizomal curve ViIU+VmV+VnW=0; and we have thus 
from the theorem of the decomposition of a tetrazomal deduced the theorem of the 
variable zomal of a trizomal. The analytical investigation is somewhat simplified by 
assuming p=0 ab initio, and it may be as well to repeat it in this form. 


47. Starting, then, with the trizomal curve 
NIU +VmV +VnW =0, 


and writing 
aU+ bV+ cW+dT=0 


as the definition of 7, the coefficients being connected by 


the equation gives 
1U+ mV+2VimUV —nW =0; 


or substituting in this equation for W its value in terms of U, V, 7, we have 
(an + cl) U + (bn + cm) V + 2cVimUV + dnT =0, 


which by the given relation between a, b, c, is converted into 


= emu iv 4 2¢VimUV + dT =0; 

that is 

amU + b'lV — 2abVImUV Ts nT, 
viz., this is 

— => abd 

(avmU — bvl V Y} nia Mlaced 
or finally 

aWVmU —bV1V + ad re 0. 
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48. The result just obtained of course implies that when as above 
aU+bV +cW+daT=0, Tai a iek 


the trizomal curve VLU +VmV +vnW=0 can be expressed by means of any three of 
the four zomals U, V, W, T, and we may at once write down the four forms 


eaten foes Ot aR 
( Baki rb Bo s a) (vo VV, VW, VT) =0, 
We a | T 
oO $ a a’ MPVS 
N a We 
pae T Y aE i abe 
u JE. J” 
abe’ abe’ abe’ 


the last of which is the original equation VIU+VmV+VnW=0. It may be added 
that if the first equation be represented by Vm,V+Vn,W+%Vp,7'=0,—that is, if we 


have 
— n e m -—- ld 
vm=y/ a Vas-y e y e, 


Ta EPA U OA 
b rect ad altata) 9; 


and therefore 


or if the second equation be represented by Vl,U +NVn,W +~p,f =0,—that is, if we 
have 


Y AN Ya Seal oo Mage ne 


e? a?’ abc 


and therefore 


or if the third equation be represented by V/,U+Vm,V+Vp,7'=0,—that is, if we 


have 
Im j, j md 
v= N D Vm=- Ps=A/ she’ 


and therefore 


62—2 
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then the equation of the trizomal may also be expressed in the forms 


( ees ame )(VU, VV, VW, VT)=0, 
tania pibe _ [mea 
l3 , ad > ac 
Bn gO ch mcd 
Vn , sa ar 
-- nbd mcd 
—Vp,, PY ia yD aka | ab’ 
A Pac nad a 
atid Bake as i a )( VU, VV, VW, VT) =0, 
~I, ? . > Vn, ? Vp 
Pac — led 
Ga oe 
nad led 
Pig a ge J. | 
and 
pab ih / Y T\ 
( , a/R, Nh, -y ES) (VO, VV, VW, vT)=0 
pab E PP 
a A : oti ac 
Why an ADS il” NBs 
mad bd — 
bers daa ac ’ -Vp ; 


49. These equations may, however, be expressed in a much more elegant form. 


Write 
SEE DE TE SE E Pa A 
* = (Byè) (õa)? “(Sap (aBy)’ 


where, for shortness, (Byè) = (B — y) (y — è) (è — 8), &c.; (a, B, y) being arbitrary quantities: 
or, what is the same thing, 
a: b: c: d=a'(Byd) : —b (yda) : c (aß) : — d (aßy). 
Assume 
l:m:n =pa (B—yF : ob (y—ay: re’ (a-— BY; 
then the equation omy Mao takes the form 


p (B — y) (a — ò) + a (y — a) (B — 8) +7 (a — 8) (y — ò), 
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and the four forms of the equation are found to be 


(  .  , VE(@-y)}, Ve(B—8), Vp (y—8)) (va'U, VV, ve W, Va) =0, 
V7(y—8), } , Vp (8—a), Vo(a—y¥) 
Va(8—8), vp (a—8), ee, Ge) 


Vp (B-90), Vo(y—a), Vr (a—B), 
viz., these are the equivalent forms of the original equation assumed to be 
(B —y)V pa’ U+ (y —a) Vob'V + (a — 8) Vre' W = 0. 


50. I remark that the theorem of the variable zomal may be obtained as a 
transformation theorem—viz., comparing the equation VIU+VmV+VnW=0 with the 
equation Va + Vmy +Vnz=0; this last belongs to a conic touched by the three lines 
æ=0, y=0, z=0; the equation of the same conic must, it is clear, be expressible in 
a similar form by means of any other three tangents thereof, but the equation of any 
tangent of the conic is av+by+cz=0, where a, b, c are any quantities satisfying the 
condition t shu; whence, writing avw+by+cz+dw=0, we may introduce w=0 
along with any two of the original zomals æ= 0, y=0, z=0, or, instead of them, any 
three functions of the form w; and then the mere change of æ, y, z, w into U, V, W, T 
gives the theorem. But it is as easy to conduct the analysis with (U, V, W, T) as 
with (x, y, 2, w), and, so conducted, it is really the same analysis as that whereby the 
theorem is established ante, No. 47. 


51. It is worth while to exhibit the equation of the curve 


VIU + VmV +VnW =0, 


in a form containing three new zomals. Observe that the equation i 4 Pat 0 is 
satisfied by a=lpy, b=myx0, c=nOd, if only 0+¢+y=0; or say, if 0=a'—-a”, 


g=a"—a, y=a—a". The equation 


A Wie atic ait nid Wikia ca E T ON 
+ wp V(b —b')(b—b”) 1U + (0 —b’) (0 — b) mV + (0 —b) (0 —b) nW 
+vV(ce-—c')(c—c’)lU +(e —c’)(e’ —c) mV +(e’ —c) (c”—c ) nW=0 


is consequently an equation involving three zomals of the proper form; and we can deter- 
mine À, u, v in suchwise as to identify this with the original equation VIU + VmV+VnW, 
viz., writing successively U=0, V=0, W=0, we find 

(w —a”)rx+(b' —b’) ptl —c’)v=0, 

(a” —a )X+(b"—b )wt(c’-c )v=0, 

(a —a@’)rAX+(b -b )u+(c —c’')v=0, 
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equations which are, as they should be, equivalent to two equations only, and which 
give 


ROM we te [PY EN ied ies 2a. ES —~ BAS ily See 
OnO (be é; tae o> Be 
CC MSs a," Ve' ne bra Do) Dy 


and the equation, with these values of A, mw, v substituted therein, is in fact the 
equation of the trizomal curve VIU+VmV+VnW=0 in terms of three new zomals. 
It is easy to return to the forms involving one new zomal and any two of the 
original three zomals. 


Article No. 52. Remark as to the Tetrazomal Curve. 


52. I return for a moment to the case of the tetrazomal curve, in order to show 
that there is not, in regard to it in general, any theorem such as that of the variable 
zomal. Considering the form Via+Vmy+WVnz+Vpw=0 (the coordinates æ, y, z, w are 
of course connected by a linear equation, but nothing turns upon this), the curve is 
here a quartic touched twice by each of the lines «=0, y=0, z=0, w=0 (viz. each 
of these is a double tangent of the curve), and having besides the three nodes 
(c=y, z=w), (=z, y=w), ({=w, y=z). But a quartic curve with three nodes, or 
trinodal quartic, has only four double tangents—that is, besides the lines «=0, y=0, 
z=0, w=0, there is no line as + By+yz+6w=0 which is a double tangent of the 
curve; and writing U, V, W, T in place of a, y, 2, w, then if U, V, W, T are 
connected by a linear equation (and, @ fortiori, if they are not so connected), there is 
not any curve aU+8V+yW+67=0 which is related to the curve in the same way 
with the lines U=0, V=0, W=0, T=0; or say there is not (besides the curves 
U=0, V=0, W=0, T=0), any other zomal aU + BV +yW+òT=0, of the tetrazomal 
curve. The proof does not show that for special forms of U, V, W, T there may 
not be zomals, not of the above form «U+8V+yW+67=0, but belonging to a 
separate system. An instance of this will be mentioned in the sequel. 


Article Nos. 53 to 56. The Theorem of the Variable Zomal of a Trizomal Curve resumed. 


53. I resume the foregoing theorem of the variable zomal of the trizomal curve 
V1U+VmV+VnW=0. The variable zomal 7=0 is the curve aU +bV+cW=0, where 


a, b, c are connected by the equation i 4 4B a0; that is, it belongs to a single 
series of curves selected in a certain manner out of the double series aU+bV+cW=0 
(a double series, as containing the two variable parameters a : b : c) These are the 
whole series of curves in involution with the given curves U=0, V=0, W=0, or being 
such that the Jacobian of any three of them is identical with the Jacobian of the three 
given curves; in particular, the Jacobian of any one of the curves aU+bV+cW=0, 
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and of two of the three given curves, is identical with the Jacobian of the three given 
curves. I call to mind that, by the Jacobian of the curves U=0, V=0, W=0, is 
meant the curve 


d(U, V, W)_|&U, dU, aU 
diw YH) BV a, GV 
dW, dy W, d,W | 


J(U, V, W)= = 0, 


viz., the curve obtained by equating to zero the Jacobian or functional determinant 
of the functions U, V, W. Some properties of the Jacobian, which are material as to 
what follows, are mentioned in the Annex No. I. 


For the complete statement of the theorem of the variable zomal, it would be 
necessary to interpret geometrically the condition gt Ta thereby showing how 
the single series of the variable zomal is selected out of the double series of the 
curves aU +bV +cW=0 in involution with the given curves. Such a geometrical 
interpretation of the condition may be sought for as follows, but it is only in a 
particular case, as afterwards mentioned, that a convenient geometrical interpretation is 
thereby obtained. 


54. Consider the fixed line Q=px+qy+rz=0, and let it be proposed to find 
the locus of the (r—1)? poles of the line Q=0 in regard to the series of curves 


aU+bV+cW =0, where aie 


of the poles in question, then in order that (#, y, z) may belong to one of the 
(r— 1} poles of the line Q=pr+qy+rz=0 in regard to the curve aU+bV+cW=0, 
we must have 


dz(aU+bV+cW) : dy(aU+bV+cW) : d,(aU+bV+cW)=p: q: 7; 


+2=0. Take (æ, y, z) as the coordinates of any one 


or, what is the same thing, 
V dQ: a; 


and these equations give without difficulty 
a:b: c=J(V, W, Q): J(W, U, Q): JU, V, Q), 


Tie Se mth 
whence, substituting in the equation “+7 +750, we have 


l m ire beg 
IV, W,9)* FW, UD) O D~ 
as the locus of the (r—1) poles in question. Each of the Jacobians is a function 
of the order 2r—2, and the order of the locus is thus =4r—4. As the given curves 
U=0, V=0, W=0 belong to the single series of curves, it is clear that the locus 
passes through the 3(r—1) points which are the (r—1)? poles of the fixed line in 
regard to the curves U=0, V=0, W=0 respectively. 
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55. In the case where the given trizomal is 
VI (O+ L®) + Vm (0 + Mb) +V¥n(O+ NO) =0, 


s=r— l1, that is, where the zomals ®© + L® =0, 0+ MH®=0, O©+ NB=0 are each of 
them curves of the order r, passing through the r intersections of the line ®=0 
with the curve @=0, then, taking this line ®=0 for the fixed line 2=0, we have 


J(V, W, 2)=J(O+M®, O+N®, &)=0{M, N), 


if, for shortness, {M, N}=J(M—N, ©, ©)+ PJ (M, N, ®), and the like as to the other 
two Jacobians, so that, attaching the analogous significations to {N, L} and {Z, M}, the 


equation of the locus is 
l m n 


U, N} + (N, L} * {L M) 


where observe that each of the curves {M, N}=0, {N, L}=0, {L, M}=0 is a curve 
of the order 2r—3; the order of the locus is thus =4r—6, and (as before) this 
locus passes through the 3(r—1) points which are the (r—1)* poles of the line ®=0 
in regard to the curves © + L®= 0, 9+ MẸ =0, © + NP =0 respectively. 


=0, 


56. In the case r=2, the trizomal is 
VI (© + LÈ) +m (© + MP) + V¥n(O+ NO)=0, 


where the zomals are the conics 0+Z20=0, ®©+M®=0, ©+N®=0, each passing 
through the same two points @=0, ®=0; the locus of the pole of the line O=0, 
in regard to the variable zomal, is the conic 


ļ m n 


(wt, N) iW, D AT 

viz, {M, N}=0, {N, L}=0, {Z, M}=0, are here the lines passing through the poles 
of the line ®=0 in regard to the second and third, the third and first, and the first 
and second of the given conics respectively: treating /, m, n as arbitrary, the locus is 
clearly any conic through the poles of the line @=0 in regard to the three conics 
respectively. The Jacobian of the three given conics is a conic related in a special 
manner to the three given conics, and which might be called the Jacobian conic 
thereof, and it would be easy to give a complete enunciation of the theorem for the 
case in hand. (See as to this, Annex No. I, above referred to.) But if, in accordance 
with the plan adopted in the remainder of the memoir, we at once assume that the 
points ®©=0, ®=0 are the circular points at infinity, then the theorem can be 
enunciated under a more simple form—viz., if 2°=0, 8°=0, @°=0 are the equations 
of any three circles, then in the trizomal 


VI +VmB° +Vn& =0, 


the variable zomal is any circle whatever of the series of circles cutting at right 
angles the orthotomic circle of the three given circles, and having its centre on a 
certain conic which passes through the centres of the given circles. Moreover, if the 


` NAINAT neXt ‘a AFN Kh 
WWW.rcin.org.pl 


414] ON POLYZOMAL CURVES. 497 


coefficients J, m, n are not given in the first instance, but are regarded as arbitrary, 
then the last-mentioned conic is any conic whatever through the three centres, and 
there belongs to such conic and the series of zomals derived therefrom as above, a 
trizomal curve VIM’ +Vm®B° +n =0. This is obviously the theorem, that if a 
variable circle has its centre on a given conic, and cuts at right angles a given circle, 
then the envelope of the variable circle is a trizomal curve ViA + VmB° + Vn, 
where %I°=0, ° =0, ©’ =0 are any three circles, positions of the variable circle, and 
l, m, n are constant quantities depending on the selected three circles. 


Part II. (Nos. 57 to 104). SUBSIDIARY INVESTIGATIONS. 


Article Nos. 57 and 58. Preliminary Remarks. 


57. We have just been led to consider the conics which pass through two given 
points. There is no real loss of generality in taking these to be the circular points 
at infinity, or say the points J, J—viz., every theorem which in anywise explicitly or 
implicitly relates. to these two points, may, without the necessity of any change in the 
statement thereof, be understood as a theorem relating instead to any two points P, Q. 
I call to mind that a circle is a conic passing through the two points J, J, and 
that lines at right angles to each other are lines harmonically related to the pair of 
lines from their intersection to the points J, J respectively, so that when (J, J) are 
replaced by any two given points whatever, the expression a circle must be understood 
to mean a conic passing through the two given points; and in speaking of lines at 
right angles to each other, it must be understood that we mean lines harmonically 
related to the pair of lines from their intersection to the two given points respectively. 
For instance, the theorem that the Jacobian of any three circles is their orthotomic 
circle, will mean that the Jacobian of any three conics which each of them passes 
through the two given points is the orthotomic conic through the same two points, 
that is, the conic such that at each of its intersections with any one of the three 
conics, the two tangents are harmonically related to the pair of lines from this inter- 
section to the two given points respectively. Such extended interpretation of any 
theorem is applicable even to the theorems which involve distances or angles—viz., the 
terms “distance” and “angle” have a determinate signification when interpreted in 
reference (not to the circular points at infinity, but instead thereof) to any two given 
points whatever (see as to this my “Sixth Memoir on Quantics,” Nos. 220, et seq.). 
Phil. Trans., vol. CXLIX. (1859), pp. 61—90 ; see p. 86; [158]. And this being so, the theorem 
can, without change in the statement thereof, be understood as referring to the two 
given points. 

58. I say then that any theorem (referring explicitly or implicitly) to the circular 
points at infinity J, J, may be understood as a theorem referring instead to any two 
given points. We might of course give the theorems in the first instance in terms 
explicitly referring to the two given points—(viz., instead of a circle, speak of a conic 
through the two given points, and so in other instances); but, as just explained, this 
is not really more general, and the theorems would be given in a less concise and 

Cc. VI. 63 


www.rcin.org.pl 


498 ON POLYZOMAL CURVES. [414 


familiar form. It would not, on the face of the investigations, be apparent that in 
treating of the polyzomal curves 


V1 (© + LÈ) + Vm (© + MO) + &c. = 0, 


(@ =0 a conic, ®=0 a line, as above), that we were really treating of the curves the 
zomals whereof are circles, and therein of the theories of foci and focofoci as about 
to be explained. And for these reasons I shall consider the two points © =0, ®=0, 
to be the circular points at infinity J, J, and in the investigations, &c., make use of 
the terms circle, right angles, &c., which, in their ordinary significations, have implicit 
reference to these two points. 


The present Part does not explicitly relate to the theory of polyzomal curves, but 
contains a series of researches, partly analytical and partly geometrical, which will be 
made use of in the following Parts III. and IV. of the Memoir. 


Article Nos, 59 to 62. The Circular Points at Infinity; Rectangular and Circular 
Coordinates. 


59. The coordinates made use of (except in the cases where the general trilinear 
coordinates (x, y, z), or any other coordinates, are explicitly referred to), will be either 
the ordinary rectangular coordinates æ, y, or else, as we may term them, the circular 
coordinates é, n(=x+ ty, x—vty respectively, t= Vv—1 as usual), but in either case I 
shall introduce for homogeneity the coordinate z, it being understood that this 
coordinate is in fact =1, and that it may be retained or replaced by this its value, 
in different investigations or,stages of the same investigation, as may for the time 
being be most convenient. In more concise terms, we may say that the coordinates 
are either the rectangular coordinates æ, y, and z (=1), or else the circular coordinates 
E, n, and z(=1). The equation of the line infinity is z=0; the points J, J are given 
by the equations (c+iy=0, z=0) and (x—iy=0, z=0), or, what is the same thing, 
by the equations (E=0, z=0) and (ņ=0, z=0) respectively; or in the rectangular 
coordinates the coordinates of these points are (— t, 1, 0) and (i, 1, 0) respectively, and 
in the circular coordinates they are (1, 0, 0) and (0, 1, 0) respectively. It is, of course, 
only for points at infinity that the coordinate z is =0 (and observe that for any such 
point the æ and y or & and ņ coordinates may be regarded as finite); for every point 
whatever not at infinity the coordinate z is, as stated above, = 1. 


\ 
\ 


60. Consider a point A, whose coordinates (rectangular) are (a, a’, 1) and (circular) 
(a, a’, 1), viz, a=a+a%, d =a—ai; then the equations of the lines through A to 


the points J, J, are 
2—az+i(y—az)=0, w2-az—i(y—az)=0 


respectively, or they are 
—E-—az=0 » n—-az=0 


respectively. These equations, if (a, a’) or (a, a’) are arbitrary, will, it is clear, be the 
equations of any two lines through the points J, J, respectively. 
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61. We have from either of the equations in (a, y, z) 
(x — az} + (y— a'z} =0, 


that is, the distance from each other of any two points (æ, y, 1), and (a, a’, 1) in a 
line through J or J is =0. And in particular, if z=0, then æ +4?=0; that is, the 
distance of the point (a, a’, 1) from J or J is in each case = 0. 


62. Consider for a moment any three points P, Q, A; the perpendicular distance 
of P from QA is =2 triangle PQA + distance QA; if Q be any point on the line 
through A to either of the points J, J, and in particular if Q be either of the points 
I, J, then the triangle PQA is finite, but the distance QA is =0: that is, the 
perpendicular distance of P from the line through A to either of the points J, J, 
that is, from any line through either of these points, is =œ. But, as just stated, the 
triangle PQA is finite, or say the triangles PIA, PJA are each finite; viz., the 
coordinates (rectangular) of P, A being (x, y, z= 1), (a, a’, 1) or (circular) (E, n, z= 1), 
(a, a’, 1), the expressions for the doubles of these triangles respectively are 


ee ‘ " Yy, @ | 
= 4 1, 0 ails 0 
a, drat | GG ied, al 


that is, they are (rectangular coordinates) æ — az +íi(y— az), w-az—i(y—a’z), or 
(circular coordinates) &—az, n—a’z. 


Representing the double areas by PIA, PJA, respectively, and the squared distance 
of the points A, P, by A, we have— 


A = (s — az? + (y — a'z} 
= (E — az) (n — a'z), = PIA. PIA. 


Article No. 63. Antipoints; Definition and Fundamental Properties. 


63. Two pairs of points (A, B) and (A,, B,) which are such that the lines 
AB, A,B, bisect each other at right angles in a point O in such wise that 
OA = 0B=i 04, =i 0B,, are said to be antipoints, each of the other. In rectangular 
coordinates, taking the coordinates of (AB,) to be (a, 0, 1) and (—a, 0, 1), those of 
(A,, B,) will be (0, az, 1) and (0, — ai, 1) respectively, whence joining the points (A, B) 
with the points (Z, J), the points A,, B, are given as the intersections of the lines 
AI and BJ, and of the lines AJ and BI respectively. Or, what is the same thing, 
in any quadrilateral wherein J, J are opposite angles, the remaining pairs (A, B) and 
(A,, B,) are antipoints each of the other. 


64. In circular coordinates, if the coordinates of A are (a, a, 1), and those of B 
are (8, 8’, 1), then the equations of 
AI, AJ are €-az =0, n-a@z =0, 
BI, BJ „ €-Bz=0, ņn-ßz=0, 
63—2 
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whence the equations of 
AI, AJ are E-az =0, n-f'z=0, 
BI, BJ , &—-82=0, n-az=0. 
65. Considering any point P the coordinates of which are é n, z (=1), let 
A, B, A, B, be its squared distances from the points A, B, A, B, respectively; then 
by what precedes 
A = (E — az ) (n — a'z), 


B = (E — B2) (n — 82), 
A = (€ — az) (n — 8'2), 
B, = (E — Bz) (n — az), 


A.H =A. B; 


that is, the product of the squared distances of a point P from any two points A, B, 
is equal to the product of the squared distances of the same point P from the two 
antipoints A,, B, This theorem, which was, I believe, first given by me in the 
Educational Times (see reprint, vol. vi. 1866, p. 81), is an important one in the theory 
of foci. It is to be further noticed that we have 


A+B- A-B, =(a— 8) w -8N 2, =K2=K, 


if K, =(a— a«a) (8— £’), be the squared distance of the points A, B, =-— squared distance 
of points A,, B, 


and thence 


Article No. 6€. Antipoints of a Circle. 


66. A similar notion to that of two pairs of antipoints is as follows, viz., if 
from the centre of a circle perpendicular to its plane and in opposite senses, we 
measure off two distances each =7 into the radius, the extremities of these distances 
are antipoints of the circle. It is clear that the antipoints of the circle and the 
extremities of any diameter thereof are (in the plane of these four points) pairs of 
antipoints. It is to be added that each antipoint is the centre of a sphere radius 
zero, or say of a cone sphere, passing through the circle: the circle is thus the inter- 
section of the two cone spheres having their centres at the two antipoints respectively. 


Article No. 67. Antipoints in relation to a Pair of Orthotomic Circles. 


67. It is a well-known property that if any circle pass through the points (A, B), 
and any other circle through the antipoints (A,, B,), then these two circles cut at 
right angles. Conversely if a circle pass through the points A, B, then all the ortho- 
tomic circles which have their centres on the line AB pass through the antipoints 
A,, B,. In particular, if on AB as diameter we describe a circle and on A,B, as 
diameter a circle, then these two circles—being, it is clear, concentric circles with their 
radii in the ratio 1 : 7, and as concentric circles touching each other at the points 
(I, J)—cut each other at right angles; or say they are concentric orthotomic circles, 
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Article Nos. 68 to 71. Forms of the Equation of a Circle. 


68. In rectangular coordinates the equation of a circle, coordinates of centre 
(a, a’, 1) and radius =a”, is 
W = (x —az)P?+(y-—azP—a2?=0; 
and in circular coordinates, the coordinates of the centre being (a, a, 1), and radius 
=a” as before, the equation is 
W=(—E-—az) (n-—a’z) -a%2=0. 
69. I observe in passing, that the origin being at the centre and the radius 


being =1, then writing also z=1, the equation of the circle is ğņ=1, that is the 
circular coordinates of any point of the circle, expressed by means of a variable para- 


meter @, are ( 0, “i 1) ’ 
\ 6 


70. Consider a current point P, the coordinates of which (rectangular) are 
æ, y, z(= 1), and (circular) are £, », z(= 1), then the foregoing expression 
Y = (x — az} + (y — a'z} — a”? 2 
= (£—a2)(n — a'z) —a""2 
denotes, it is clear, the square of the tangential distance of the point P from the 
circle 2° =0. 
71. But there is another interpretation of this same function °, viz, writing 
therein z=1, and then i 
W =(x— af + (y — a F+ (ary, 


we see that 2° is the squared distance of P from either of the antipoints of the 
circle (points lying, it will be recollected, out of the plane of the circle), and we have 
thus the theorem that the square of the tangential distance of any point P from the 
circle is equal to the square of its distance from either antipoint of the circle. 


Article Nos. 72 to 77. On a System of Sixteen Points. 
72. Take (A, B, C, D) any four concyclic points, and let the antipoints of 
(B,C), (A, D) be (Bu Ohu (Ay, Dy), 
(C, A), (B, D) ” (C,, A»), (B,, D.), 
(A, B), (C, D) » (As, B;), (C;, Ds), 
then each of the three new sets (A, Bı, C,, Dı), (As, Ba, Co, Dz), (As, Bs, Cs, D) will 
be a set of four concyclic points. 


73. Let O be the centre of the circle through (A, B, C, D), say of the circle O, 
and then, the lines BC, AD meeting in R, the lines CA, BD in S, and the lines 
AD, CD in T, let each of these points be made the centre of a circle orthotomic 
to O, viz., let these new circles be called the circles R, S, T respectively. 
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As regards the circle R, since its centre lies in BOC, the circle passes through 
(B,, C,); and since the centre lies in AD, the circle passes through (A,, D,), that is, 
the four points (A,, B,, Ci, D,) lie in the circle R. Similarly (4., B,, C2, D) lie in 
the circle S, and (A;, Bs}, Cs, D) in the circle T. 


74. The points R, S, T are conjugate points in relation to the circle O; that is, 
ST, TR, RS are the polars of R, S, T respectively in regard to this circle; and they 
are, consequently, at right angles to the lines OR, OS, OT respectively; viz., the four 
centres O, R, S, T are such that the line joining any two of them cuts at right 
angles the line joining the other two of them, and we see that the relation between 
the four sets is in fact a symmetrical one; this is most easily seen by consideration 
of the circular points at infinity J, J, the four sets of points may be arranged thus: 


A 2 As, A,, Ái» 
Bs, B ? By, By, 
Cas C ? C 3 C; $ 


D,, Dz; Ds, D ? 


in such wise that any four of them in the same vertical line pass through J, and 
any four in the same horizontal line pass through J; and this being so, starting for 
instance with (A;, B;, Cs, D;) we have antipoints 

of (B,, C,), (As, Ds) are (B,, C,), (As, Ds), 

3 (C;, A;), (B;, Ds) ” (C,, A,), (Bi; D 

” (Az B;), (C;, T) ” (A , B ), (Cs D ), 


and similarly if we start from (A,, Bı, Ci, D,) or (As, Ba, Ca, Da). 


75. I return for a moment to the construction of (A,, B,, Ci, D,); these are 
points on the circle R, and (B,, C,) are the antipoints of (B, C); that is, they are 
the intersections of the circle R by the line at_right angles to BC from its middle 
point, or, what is the same thing, by the perpendicular on BC from QO. Similarly 
(A,, D,) are the antipoints of (A, D); that is, they are the intersections of the 
circle R by the perpendicular on AD from O. And the like as to (4, B,, C,, Dz) 
and (A;, Bs, Cs, D;) respectively. 


76. Hence, starting with the points A, B, ©, D on the circle O, and constructing 
as above the circles P, Q, R, and constructing also the perpendiculars from O on the 
six chords AB, AC, &c., 

the perpendiculars on BO, AD meet circle R in (B,, ©), (A,, D), 
” CA, BD ” »”» 5 3 (C;; A,), (Bz, P,), 
” AB, CD ” ” T ” (As, B), (C;, Ds), 


so that the whole system is given by means of the circles P, Q, R, and the six 
perpendiculars. 
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77. If to fix the ideas (A, B, C, D) are real points taken in order on the real 
circle O, then the points R, S, T are each of them real; but R and T lie outside, 
S inside the circle O. The circles R and T are consequently real, but the circle S 
imaginary, viz., its radius is =? into a real quantity; the imaginary points (A,, B,, C,, D,) 
are thus given as the intersections of a real circle by a pair of real lines, and the 
like as to the imaginary points (A;, B;, C;, D;); but the imaginary points (A,, B,, Ca, D») 
are only given as the intersections of an imaginary circle (centre real and radius a 
pure imaginary) by a pair of real lines. The points (C,, A.) gud antipoints of (C, A) 
are easily constructed as the intersections of a real circle by a real line, and the like 
as to the points (B,, D.) qué antipoints of (B, D), but the construction for the two 
pairs of points cannot be effected by means of the same real circle. 


Article Nos. 78 to 80. Property in regard to Four Confocal Conics. 


78. All the conics which pass through the four concyclic points A, B, C, D, have 
their axes in fixed directions; but three such conics are the line-pairs (BC, AD), 
(CA, BD), and (AB, CD), whence the directions of the axes are those of the bisectors 
of the angles formed by any one of these pairs of lines; hence, in particular, con- 
sidering either axis of a conic through the four points, the lines AB and CD are 
equally inclined on opposite sides to this axis, and this leads to the theorem that 
the antipoints (A;, B;)(C;, D;) are im a conic confocal to the given conic through 
(A, B, C, D); whence, also, considering any given conic whatever through (A, B, C, D), 
the points (A,, B,, C,, D,), (Az, B:, C2, D2), (As, Bs, Cs, Ds) lie severally i in three conics, 
each of them confocal with the given conic. 


79. To prove this, consider any two confocal conics, say an ellipse and a hyper- 
bola, and let F be one of their four intersections; join F with the common centre O, 
and let OT, ON be parallel to the tangent and normal respectively of the ellipse at 
the point F. OF, OT are in direction conjugate axes of the ellipse, and OF, ON 
are in direction conjugate axes of the hyperbola; and if they are also the axes in 
magnitude, that is, if the points T, M are the intersections of OT with the ellipse and 
of ON with the hyperbola respectively, then it is easy to show that O7*+0N*= 
And this being so, imagine on the ellipse any two points A, B such that the chord 
AB is parallel to OT, that is conjugate to OF; AB is bisected by OF, say in a 
point K, or we have parallel to OT the semichords or ordinates KA =KB; and we 
may, perpendicularly to this or parallel to ON, draw through K in the hyperbola a 
chord A,B;, which chord will be bisected in K, or we shall have KA,;=KB,. Hence 
KA, KA, are in the ellipse and the hyperbola respectively ordinates conjugate to the 
same diameter OF, and the semi-diameters conjugate to OF being OT, ON respectively, 


we have KA? (= KB’): KA} (= KBA = 07": ON?, this is, KA? = KP =- KAZ =- KB; 
or (A;, B,) will be the antipoints of (A, B). 


80. Conversely, if in the ellipse we have the two points (A, B), then drawing 
the diameter OF conjugate to AB, and through its extremity F, the confocal hyper- 
bola, then the antipoints (A;, B;) will lie on the hyperbola. And similarly, if on the 
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ellipse we have the two points (C, D), then drawing the diameter OG conjugate to 
CD, and through its extremity Œ a confocal hyperbola, the antipoints (C;, D;) will 
lie on the hyperbola. Suppose (A, B, C, D) are concyclic, then, as noticed, AB and 
CD will be equally inclined on opposite sides to the transverse axis of the ellipse— 
the conjugate diameters OF, OG will therefore be equally inclined on opposite sides 
of the transverse axis—and the points F and @ will therefore be situate symmetrically 
on opposite sides of the transverse axis, that is, the points F and G will respectively 
determine the same confocal hyperbola, and we have thus the required theorem, viz., if 
(A, B, ©, D) are any four concyclic points on an ellipse, or say on a conic, and if 
(A;, B;) are the antipoints of (A, B), and (C;, D;) the antipoints of (C, D), then 
(A;, Bs, Cs, D) will lie on a conic confocal with the given conic. 


Article Nos. 81 to 85. System of the Sixteen Points, the Axial Case. 


81. The theorems hold good when the four points A, B, C, D are in a line; the 
antipoints (B,, C,) of (B, C), &c., are in this case situate symmetrically on opposite 
sides of the line, so that it is evident at sight that we have (A,, B,, CG, D,), 
(A,, B,, Co D). (As, Bs, C3, Ds), each set in a circle; and that the centres R, S, T 
of these circles lie in the line. The construction for the general case becomes, however, 
indeterminate, and must therefore be varied. If in the general case we take any circle 
through (B, C), and any circle through (A, D), then the circle R cuts at right angles 
these two circles, and has, consequently, its centre R in the radical axis of the two 
circles; whence, when the four points are in a line, taking any circle through (B, (C), 
or in particular the circle on BC as diameter, and any circle through (A, D), or 
in particular the circle on AD as diameter,—the radical axis of these two circles 
intersects the line in the required centre R, and the circle R is the circle with this 
centre cutting at right angles the two circles respectively; the circles S and T are, of 
course, obtained by the like construction in regard to the combinations (¢, A; B, D) 
and (A, B; C, D), respectively. It may be added, that we have 


R extremities R b, OF 4; D 
S + centre and {of diameter S} sibiconjugate points of involutions 40, A; B, D, 
r | (of circles T Apso ED 


and that (as in the general case) the circles R, S, T intersect each pair of them at 
right angles; and they are evidently each intersected at right angles by the line 
ABCD (or axis of the figure), which replaces the circle O in the general case. 


82. If the points A, B, C, D are taken in order on the line, then the points 
R, K, T are all real, viz., the point R is situate, on one side or the other, outside 
AD, but the points S and T are each of them situate between B and O; the circles 
ER and T are real, but the circle S has its radius a pure imaginary quantity. 


83. If one of the four points, suppose D, is at infinity on the line, then the 
antipoints of (A, D), of (B, D), and of (C, D) are each of them the two points (J, J). 
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It would at first sight appear that the only conditions for the circles R, S, T were 
the conditions of passing through the antipoints of (B, C), of (C, A), and of (A, B) 
respectively, and that these circles thus became indeterminate; but in fact the definition 
of the circles is then as follows, viz, R has its centre at A, and passes through the 
antipoints of (B, C): (whence squared radius = AB.AC). And similarly, © has its 
centre at B, and passes through antipoints of (C, A), (squared radius = BA . BC); and 
T has its centre at C, and passes through antipoints of (A, B), (squared radius 
=CA.CB); these three circles cut each other at right angles. As before, A, B, C 
being in order on the line, the circles R, T are real, but the circle S has its radius a 
pure imaginary quantity. 


84. That the circles are as just mentioned appears as follows: taking the line 
as axis of æ, and a, b, c, d for the x coordinates of the four points respectively, then 
the coordinates of A,, D, are 

k(a+d), + 4i(a—d); 
whence, m being arbitrary, the general equation of a circle through A,, D, is 
a+ Y? — maez +[m(a + d) —ad] 2 =0, 
writing herein 


m=a-— 


d 


this becomes 


2 k? wv 2 2 e7) S oe 
+Y -2(u-5) 22+ (a -k — d BSO 
viz., for d= it is 
(c—azP+y’?—kh2=0, 
which is a circle having A for its centre, and its radius an arbitrary quantity k. If 
the circle passes through the antipoints of B, C, the coordinates of these are 


4(b+c), 44i (b-c), 
k =[4 (b +c) — a} — ł (b — c? =(a— b) (a — c). 


85. Reverting to the general case of four points A, B, ©, D on a line, the 
theorem as to the confocal conics holds good under the form that, drawing any conic 
whatever through (A,, Bı, Cı, D,), the points (A,, Ba, Cz, D,), and (A;, Bs, Cs, D;) lie 
in confocal conics, these conics have their centre on the line, and axes in the direction 
of and perpendicular to the line. When D is at infinity, the confocal conics become 
any three concentric circles through (B,, C1), (C2, Az), and (A;, B,) respectively. 


and we find 


Article Nos. 86 to 91. The Involution of Four Circles. 


86. Consider any four points A, B, C, D, the centres of circles denoted by these 
same letters, and let W, B°, ©°, D° signify as usual, viz., if (in orthogonal coordinates) 
(a, a’, 1) are the coordinates of the centre, and a” the radius of the circle A, then 
YA stands for (a#—az)+(y—a’z)—a’2z*, and the like for 8°, ©, D. Write also 

a:b:e:d=BCD:-—CDA : DAB :—ABC, 

G yI. 64 
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where BOD, &c., are the triangles formed by the points (B, C, D), &c.; the analytical 
expressions are 


a Bes teal p, ROP SS fo oe Pate ae, 2 t= Le. a, ek 
CAL E Poe Sa | Pag, Oe | EUT 
d, Adip a)’ anw eh opie chk 


b 
so that 
a +b +c +d =0, 


aa +bb+cc +dd =0, 
aa’ + bb’ + cc’ + dd’ =0; 
this being so, it is clear that we have 
all? + bB + cE + dD = 
2 [a (a +a — a) +b (b? +b — b") + e (P +e- e) +d (E +d- d") = K2, =K, 
a constant, 
87. I am not aware that in the general case there is any convenient expression 
for this constant K; it is =O when the four circles have the same orthotomic circle; 
in fact, taking as origin the centre of the orthotomic circle, and its radius to be =1, 


we have 
a2+a?—a?=1, &e, 


whence 
K=a+b+c+d=0; 
that is, if the circles A, B, ©, D have the same orthotomic circle, then W°, 8°, ©, D’, 
a, b, c, d, signifying as above, we have 
al? + bB° + c° +dD° = 0, 

and, in particular, if the circles reduce themselves to the points A, B, C, D respectively, 
then (writing as usual Y, B, ©, D in place of M, B°, ©, D°) if the four points 
A, B, ©, D are on a circle, we have 

al + bB+cE + dD = 0. 


88. This last theorem may be regarded as a particular case of the theorem 
aM%+bB+cO+dD =K2=K, 


viz., the four circles reducing themselves to the points A, B, C, D, we can find for 
the constant K an expression which will of course vanish when the points are on a 
circle. For this purpose, let the lines BC, AD meet in R, the lines CA, BD in BS, 
and the lines AB, CD in T; we may, to fix the ideas, consider ABCD as forming 
a convex quadrilateral, R and 7 will then be the exterior centres, S the interior 
centre; a, b, c, d, may be taken equal to BCD, — CDA, DAB, — ABO, where the areas 
BCD, &c., are each taken positively. The expression a%+b8+cE+d®D has the same 
value, whatever is the position of the point P (a, y, z=1); taking this point at R, 
and writing for a moment 


RA=a, RBB) RC=y, RD=8, 
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then 
BCD = (RCD — RBD) = 4RD (RC — RB) sin R = (y — £) ŝsin R, 


with similar expressions for the other triangles; and we thus have 


aè (y — B) ò 
ppal —B(8 —a)y 
al +bB+cG+dD=42.sin R = 42 sin R (By — aô) (y — 8) (è — a), 
+y’ (è — a) 8 
= &(y- Ba 


that is, replacing a, 8, y, 6, by their values, and writing also z= 1, we have 
al + bV +c +dD =} sin R. (RB. RC- RA. RD) BC. AD, 
where sin R.BC.AD is in fact the area of the quadrilateral ABCD; we have thus 


aA + bB+c6 +dD = (RB. RC — RA . RD) O 
= (80 .SA -SB . 8D) O 
=(TA.TB -TC :TD) O 


where it is to be observed that SA, SC being measured in opposite directions from 
S, must be considered, one as positive, the other as negative, and the like as regards 
SB, SD. This expression for the value of the constant is due to Mr Crofton. In the 
particular case where A, B, C, D, are on a circle, we have as before 


a + bB +c + dD=0. 


89. If the four points A, B, C, D, are on a circle, then, taking as origin the 
centre of this cirele and its radius as unity, the circular coordinates of the four points 


will be 
1 1 1 1 
(2, a’ 1), ee 1), Cae 1), (3, 5? 1), 
the corresponding forms of W°, &c., being 
W = (E — az) (n _ za) — qd""?2, &e. 


the expressions for a, b, c, d, observing that we have 


1 
$ “hoe ha Ss È 5 2 | = —- ò), &ec. 
8, B malb e e |= gp &e 
Y's i 1 1, Ya y? 
3, (67, =e a Oy Sor 


if (Byè), &c. denote (8 —)(y—8) (8—8), &., become 
a:b:c: d=a(Byd) : —B(yda) : y(da8) : — è (aßy), 


which are convenient formule for the case in question. 
64—2 
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90. If the points A, B, C, D, are on a line, then taking this line for the axis of 
x, we may write W = (s — az} +y -— a”, &. It is to be remarked here that we can, 
without any relation whatever between the radii of the circles, satisfy the equation 


al’ + bB +c + dD° =0; 
in fact this will be the case if we have 
a +b +c +d =0, 
aa + bb + ce +dd = 0, 
a (œ? — a?) + b (b — b?) + c (e — c”) + d (œ — d) = 0, 
equations which determine the ratios a: b : c :d. In the case where the circles reduce 
themselves to the points A, B, C, D, these equations become 
a+b +e +d =090, 
aa +bb +cc +dd =0, 
aa? + bb? +cc? +dd? =0, 
a:b:e:d=(bed) : — (cda) : (dab) : —(abc); 
if for shortness (bed), &c. stand for (b—c)(c—d)(d—b), &c.; and for these values, we 


have 
aM +bB +c +dD =0. 


91. A very noticeable case is when the four circles are such that the foregoing 
values of (a, b, c, d) also satisfy the equation 
aA + bB° + cC + dD° =0; 
the condition for this is obviously 
aa”? + bb’? + cc’? + dd’ =0; 


giving 


or, as it may also be written, 
a’” b’2 ce” dq” 2 


(@—b)(a—0 @—d) * —)b—d)(b—a) * @—d)(C—a)(o—b) * (d= a)(d—byd =e)” 


Article No. 92. On a Locus connected with the foregoing Properties. 


92. If, as above, A, B, C, D are any four points, and %, B, © D are the 
squared distances of a current point P from the four points respectively, then the 
locus of the foci of the conics which pass through the four points is the tetrazomal 
curve 

aV%+bVB+eVvVE+dvD =0. 
In fact the sum a%+b8+cO+dD has, it has been seen, a constant value for all 
positions of the point P; taking P to be the other focus, its squared distances are 
(k —VAY, &c., whence for the first-mentioned focus we have 


al +bB + cë + dD = a (k — VAY +b (k -VBF +c(k-VOP+d(k—-VDY; 
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or recollecting that a+b+ce+d=0, it follows that we have for the locus in question 
aVv%I+bVB4+eVE+dVD=0; this locus will be discussed in the sequel. I remark 
here, that in the case where the four points are on a circle, then (as mentioned above), 
the axes of the several conics are in the same fixed directions; there are thus two sets 
of foci, those on the axis in one direction, and those on the axis in the other direction ; 
it might therefore be anticipated, and it will appear, that in this case the tetrazomal 
breaks up into two trizomal curves, 


Article Nos. 93 to 98. Formule as to the two Sets (A, B, C, D), and (A,, B,, ©, D,), 
each of four Concyclic Points. 
93. Consider the four points A, B, C, D on a circle, then taking, as before, their 


circular coordinates to be (a, a’, 1), (B, B, 1), (y, y, 1), (ò, č, 1), the condition that 
the points may be on a circle is 


$ 7 A E E 
E es BE 
A E Ae of A 
L A AS KOS’ 


viz., this equation may be written 
(B —y)(a—8): (y —@)(B -8) : (a -B)(y -8) 
= (B'—')(# — 8) : (YABE) : (€ — p) (y -= è’); 
or if, for shortness, we take 
a-6, ad=f'-y, f’=a-89, 
b=y-a, g=B-6, V=y—a, fg =F — Ò; 
y— ò 


; ¢’ Pae, a — 8, k As y — 5, 
and consequently 


af + bg +ch=0, wf +b'9+ch' =, 
a =g-h, a =g—-l’, 
b =h-f, V =h’'—f’, 
c =f 9 ie ot Mote 
a+b +c =0, a +b +c =0, 


then the equation is 
af:.b9: ch Sar : O'g’: ch’. 


94. Let a, b, c, d, denote as before (a: b : c : d=BOD : — CDA : DAB: — ABO), 


then we have 


a:b:e:d=|—B B Aai ya TA n E EE TE A AE 
Y, Y, Io ò, Si 1 a, gn 1 2 B: 1 

j | i 
5, Si; Lan |; 4, @, 1 | B, B; 1 Y Y, 1 


www.rcin.org.pl 


510 ON POLYZOMAL CURVES. [4 14 


and we may write 
a= . , ah, ag —awg, gh’-—gh, 


b = bh’ — Wh, l , bf’ -Uf, hf’ ST, 
c=cgy—cg, of’ —cf, eB Le = 19 
d=cb’-—c'b, ac — ac, ba — b'a; , 


viz., the expressions in the same horizontal line are equal, and a, b, c, d are pro- 
portional to the expressions in the four lines respectively. 


95. I say that we have 


OPiS Opp La Sor -/9 A 
a a q, 
viz., this will be the case if 


be’a = hg’ d, 
ac’b = hf'd, 
abe = fg d, 


and selecting the convenient expressions for a, b, c, d, these equations become 
be’ (gh’ — g'h) = g'h (cb —¢b), 
ac’ (hf’ — Kf) = fh (ad — a'c), 
ab (fy —f’9) = fy (ba! —Va), 


viz., these equations are respectively bgo’ =b'g'ch, chaf’ =cl’af, afb'g'=a'f'bg, and are 
consequently satisfied. It thus appears that the equation 


=0 


Vin 
4- 
| 
+ 
| 
+ 
om] 


is transformable into 


2 aL gone fo, 
po Sila fe Seo he ot Seah 


which is of course one of a system of similar forms. 


96. Take (A,, D,) the antipoints of (A, D); (B,, C,) the antipoints of (B, Q); 
or say that the circular coordinates of A,, B,, Ci, D, are (a, 8, 1), (B, y, 1), (y, B, 1), 
(6, a’, 1) respectively; the points A,, B,, Ci, D, are, as above mentioned, on a circle, 
the condition that this may be so being in fact 


hl, a, &, ad |=0, 
i1, 8 y, By’ : 

kr tor fae a 
beady a eee ae 


equivalent to 


af: bg: ch=af’ : v9: ch 
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97. Let (a, b, &, dı) be the corresponding quantities to 


a:b, e di s= B,D, : —C,D,A, : D,A,B, : — A,B,C,; we have 


Shier) Bs Y, RRN y, B, ris 8, Wa aja 
a> Bati: ee | la, 8, 1 | 
a jel C yerai Ore ' B, Y’, 1 | 
giving rise to a similar set of forms 
a, = f , —ač +h, a'g+ba, —c'g — b'h, 
b, =— cb- gh, , —-f'b- gf, -f'h+cf, 
a= be+kg, -f'e +Nf, » Sota 
d= gct+hb, — ka +e, — a'b — g'a, 3 
and leading to ; 
so that the equation 
te +B ph =o, 
is transformable into 
re Magny E 6, —p, =9 


98. Let A, B, O, D, be, as above, points on a circle; (A,, D,) and (B,, C,) the 


antipoints of (A, D), (B, C) respectively. 
A =(E—az)(n-a@z), 
B = (Ẹ — B2) (n — 8’) 
© =(E-yz)(n-2), 
D =(£ — 82) (n — 8'2), 


then we have identically 


Write 


A, = (E — az ) (n — 82), 
B, = (E — Bz) (n — yz), 
6, =(£— yz) (n — 8'2), 
D, = (& — 82) (n -az ); 


(5—a)(8’—a’)B =(B —8)(8’— 8’) A+ (B-a) (B-a) D -(B—8)(B’—a’) AW -(B—a)(B’—8') D,, 
(5- a)(8—@)€ =(y — 8) (y —8) A+ (y ~a) (y =)D- -y — 2) MH —(y -a)y -8/) D,, 
(è — a) (č — a) B, = (B — 8) (y — 8’) A+ (B-a) (y — a’) D —(B—8)(y' —4') UL, -(B-2)(y' —8') D,, 
(— a) (č — a) C =(y -88B — 8) A+ (y —a) (8 — 2’) D- (y -88 -a ) A, —-(y —2) (8-8) D, 


or, in the foregoing notation, 


IB gg Ape D 


+ gc, + 


SfE =hWA + WD — WA, — 


ffB, = IWA — bD 
FFC = hg — WD 


> gb F 
+ he’, Sah 


cg’), 
bh’D,, 
ch'D,, 
bq’D,. 
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Article Nos. 99 to 104. Further Properties in relation to the same Sets 
(A, B, C D) and (Ay, By, C,, Dp. 


99. Itis to be shown that in virtue of these equations, and if moreover i + T + = + = @, 
then it is possible to find l, mm, m, p, such that we have identically 
= 1 + mS + nG — pD + LM pas mB, —nG, +p,2, a), 


This equation will in fact be identically true if only 


—ffl+gg'm + hh'n ; — gh'm, — g'hn, = 0, 
cem +bbn—- ffp . + cb'm, + be'm, =O 
gom — hb'n + ffl, + gb'm,—he'n = 0, 
cg'm — bh'n ; + chm, + bgn + ff'p = 0. 


From the first and second equations eliminating m, or m, the other of these quantities 


disappears of itself, and we thus obtain two equations which must be equivalent to 
a single one, viz., we have 


be ffl + c’g'a fm + bha‘f'n + ghff'p=0, 
beff l+ cga f'm + VW’'afn + gh'ffp=0; 


which equations may also be written 


er. cg’ af’ i os F 
ab TE g aa 


Ff, 9 1 Ale ie 
an ten ™ tap” ay P= 


and it thus appears that the equations are equivalent to each other, and to the 
assumed relation 


e np 
se hte re 


100. Similarly, from the third and fourth equations eliminating m or n, the other 
of these quantities disappears of itself, and we find 


eg ffl, — cga f'm + afe'g'n, — cgff’p, = 0, 
bh’ ffl, — afb'k'm + bha f'n — Whff'’p, = 0, 


equations which may be written 


Pir Sa ap PO ge 
Gs att BRET ep OPO: 
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where we see that the two equations are equivalent to each other and to the 
equation 

Lh. Mm, Mo, hi 

a, + i igi Š ; Ta =0, 
It thus appears that the quantities l, m, m, p,, must satisfy this last equation. It 
is to be observed that the first and second equations being, as we have seen, equivalent 
to a single equation, either of the quantities m,, n, may be assumed at pleasure, but 
the other is then determined; the third and fourth equations then give l, pı; and the 
La ps ON = 
b, T A ki d 9. 


4 


quantities h, Mı, m, Pı, SO obtained, satisfy identically the equation ee 
1 


101. Now writing 
JFL =-g(em +b'm)+h(b'n + cen), 
ffp =—¢ (gJm— h'm) +b (n= g'n), 


and 
Sfp = c(emt+bh’m)+b(bn+ cm), 
Sfl = g(g'm—hm)+h(kn— gn), 
we find 
fefe (hp. — lp) = — (bg + ch) [(e'm + bm) (kn — g'n) + (g'm — h'm) (b'n + m), 
= (bg+ch) (Vg +k ) (mn — mn), 
= aa ff’ (mn — mn), 
that is 


Sf’ (Lp, — lp) = aa’ (myn, — mn) 

viz., this equation is satisfied identically by the values of h, mm, m, pı determined as 
above. 

102. Hence if mn,=mn, we have also lp,=lp, and we can determine 7%, nı, so 
that m,n, shall = mn, viz., in the first or second of the four equations (these two being 

r T 1 
equivalent to each other, as already mentioned), writing m, = On, and therefore n, = a” 
we have ; 
— ffl + ggm + h'n — gh'n@ — ghm an 0, 


com + bb’n —ff'p +cb'nO + be'm ; == 


which are, in fact, the same quadric equation in 0, viz., we have 


—ffl+ggmt+hhin_— gl’ gh 


com + bbn — ffp cb’ be” 


The final result is that there are two sets of values of h, m, ù, pi, each satisfying 
the identity 
— IA + mB + n€ — pD + LA —m,B, — 1,6, + p,D, = 0, 
CANE 65 
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and for each of which we have 
L m, m, M_ a 

a? b, + ofan Lp, =p, MN 

103. Consider, in particular, the case where p=0; the relation 
tae += +5 =0, 
here becomes ja 
ON, AE 
l } ‘ad oy 


The equation in @ is 
(ce'm + bb'n) 0 + cb'n® + be’m = 0, 
(c0 + c’'m)(b'né + b) = 0, 


viz., this is 
giving 
per a (uci dn Beah. 2 +: 
Diaan Ling 2 y= b? 
or else 
PRIE L.. _em _ on 
a b'n ? Mı S y ? Ny eri c $ 
0, and as might 


0, we have either 1,=0, or else p, 


Since in the present case lp, =0, 
be anticipated, the two values of 0 correspond to these two cases respectively, viz 


proceeding to find the values of l, pı, the completed systems are 
“eg y= 0, 


b a : ; ‘a 
seis = py (m — Wn), m=-—, 
Ce a ole on Pi = pig (m-n), 


ee: 
Cc 
wae ? 


h 
a 
and for the second system 
ms Pi a Maat | 
b, +m +a 0, mn, =m, 
104. The whole of the foregoing investigation would have assumed a more simple 
we should then 


form if the circular coordinates had been taken with reference to the centre of the 
m1, 


so that for the first system we have 
phn x a =0, mn =m, —l+mB4+nO=-1%, 4+ mB, + 2,6, 


= 1A + mS + n& = —p 2, F mB, +n iG, 


circle ABCD as origin, and the radius of this circle been put =1 
SY 


have aor &c., and consequently 
ey ae See ge he he aaa ee 
a’ = By” y= wa c= ap” f= as” f= g5 D kK = võ 

but the symmetrical relation of the circles ABCD and A,B,C,D, would not have been 


so clearly shown. 
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I will however give the investigation in this simplified form, for the identity 
— IA + mB + n€ = —1,%+ m,B+n,C; viz., in this case we have 


l m(B- y) (B —8)_n(B-y)(y-— è) 


a B (y-a)(a —8) ¥(a —B)(a —y)’ 
and the identity to be satisfied is 


-1 (Ẹ-az)(1- 2) = =h (E-a2)(n— 


1 l 
- 8 

+ m(&— Bz) (n - 52) + m (E — Bz) (n- a e) 
1 1 
Yo B 


+n (E-y2)(n-22) +i E-98)(n- 32 


i 1 } 1 ; 5 ee 
writing £= az, ne z, we find m, and writing &=az, n=-z, we find m, and it is 
Y 


then easy to obtain the value of l, viz., the results are 


l, _m (a—8)(8 — AB a y)(y—a) Hi uaua a-8 


= --— —- `- — M =- EFW. == Fi , 


ò B (y-a) (a—8) y (4-8) (a—8)’ a—B’ y—a 


and therefore m,n,= mn; it may be added that we have 


apaga (743): 


viz., this is the form assumed by the equation : 


Part III. (Nos. 105 to 157). ON THE THEORY oF FOCI. 
Article Nos. 105 to 110.  zaplanation of the General Theory. 


105. If from a focus of a conic we draw two tangents to the curve, these pass 
respectively through the two circular points at infinity, and we have thence the 
generalised definition of a focus as established by Pliicker, viz, in any curve a 
focus is a point such that the lines joining it with the two circular points at infinity 
are respectively tangents to the curve; or, what is the same thing, if from each of 
the circular points at infinity, say from the points J, J, tangents are drawn to the 
curve, the intersections of each tangent from the one point with each tangent from 
the other point are the foci of the curve. A curve of the class n has thus in 
general n? foci. It is to be added that, as in the conic the line joining the points 
of contact of the two tangents from a focus is the directrix corresponding to that 
focus, so in general the line joining the points of contact of the tangents from the 
focus through the points J, J respectively is the directrix corresponding to the focus 
in question. 


65—2 
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106. A circular point at infinity Z or J, may be an ordinary or a singular 
point on the curve, and the tangent at this point then counts, or, in the case of 
a multiple point, the tangents at this point count a certain number of times, say 
q times, among the tangents which can be drawn to the curve from the point; the 
number of the remaining tangents is thus =n—g. In particular, if the circular point 
at infinity be an ordinary point, then the tangent counts twice, or we have q=2; if 
it be a node, each of the tangents counts twice, or g=4; if it be a cusp, the tangent 
. counts three times, or g=3. Similarly, if the other circular point an infinity be an 
ordinary or a singular point on the curve, the tangent or tangents there count a certain 
number of times, say q’ times, among the tangents to the curve from this point; 
the number of the remaining tangents is thus =n—q’. And if as usual we disregard 
the tangents at the two points J, J respectively, and attend only to the remaining 
tangents, the number of the foci is = (n — q) (n — q’). 


107. Among the tangents from the point J or J there may be a tangent which, 
either from its being a multiple tangent (that is, a tangent having ordinary contact 
at two or more distinct points), or from being an osculating tangent at one or more 
points, counts a certain number of times, say r, among the tangents from the point 
in question. Similarly, if among the tangents from the other point J or J, there is 
a tangent which counts r’ times, then the foci are made up as follows, viz. we have 


Intersections of the two singular tangents counting as . rr foci. 


Intersections of the first singular tangent with each of 
the ordinary tangents from the other circular point at 


infinity, as . : à : ; f i ] ; (n-—qg-r)r_,, 
Do. for second singular tangent, ; 8 ; : f (n—q -r)r ,, 
Intersections of the ordinary tangents . : i . (n—=q-r)(n=-g-r) ,, 
Giving together the . $ , s i ; i ; (n — q) (n — q’) foci: 


and the like observation applies to the more general case where the tangents from 
each of the points J, J include more than one singular tangent. 


108. There is yet another case to be considered; the line infinity may be an 
ordinary or a singular tangent to the curve: assuming that it counts s times among 
the tangents from either of the circular points at infinity, the numbers of the 
remaining tangents are n—=q-—s, n—q'—s from the two points J, J respectively, and 
the number of foci is =(n—q—8)(n—q/ — 8). 


109. In the case of a real curve the two points J, J are related in the same 
manner to the curve, and we have therefore g=q’; the singular tangents (if any) 
from the two points respectively being the same as well in character as in number. 
Writing n—q-—s=n-—q'—s, =p, and not for the present attending to the case of 
singular tangents, I shall assume that the number of tangents to the curve from each 
of the two points is =p; the number of foci is thus =p?; and to each focus there 
corresponds a directrix, viz., this is the line through the points of contact of the 
tangents from the focus to the two points J, J respectively, 
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110. Consider any two foci A, B not in lined with either of the points J, J, 
then joining these with the points J, J, and taking A,, B, the intersections of AJ, BJ 
and of AJ, BI (A,, B, being therefore by a foregoing definition the antipoints of (A, B)), 
then dA,, B, are, it is clear, foci of the curve. We may out of the p? foci select, and 
that in 1.2..p different ways, a system of p foci such that no two of them lie 
in lined with either of the points J, J; and this being so, taking the antipoints of 
each of the 4p(p-—1) pairs out of the p foci, we have, inclusively of the p foci, in 
all p+2.4p(p—1), that is p? foci, the entire system of foci. 


Article Nos. 111 to 117. On the Foci of Conies. 


111. A conic is a curve of the class 2, and the number of foci is thus =4. 
Taking as foci any two points A, B, the remaining two foci will be the antipoints 
A, B,. In order that a given point A may be a focus, the conic must touch the 
lines AJ, AJ; similarly, in order that a given point B may be a focus, the conic 
must touch the lines BJ, BJ; the equation of a conic having the given points A, B 
for foci contains therefore a single arbitrary parameter. 


112. In the case, however, of the parabola the curve touches the line infinity ; 
there is consequently from each of the points J, J only a single tangent to the 
curve, and consequently only one focus: the parabola having a given point A for its 
focus is a conic touching the line infinity and the lines AZ, AJ, or say the three 
sides of the triangle AIJ; its equation contains therefore two arbitrary parameters. _ 


113. Returning to the general conic, there are certain trizomal forms of the focal 
equation, not of any great interest, but which may be mentioned. Using circular 
coordinates, and taking (a, a, 1) and (8, 8’, 1) for the coordinates of the given foci 
A, B respectively, the conic touches the lines §-—az=0, n-—a@z=0, &—Bz=0, 
n —'z=0; the equation of a conic touching the first three lines is 

V1 (E — az) + Vm(E— Bz) + Vn (n—&z)=0, 
where J, m, n are arbitrary, and it is easy to obtain, in order that the conic may 
touch the fourth line n — 8'z = 0, the condition 
B —a 


114. In fact, n having this value, the equation gives 


n = 


I(E- a2) +m (E — Be) + 2 Vim E-a EZP) =- y OnI) (n= 82+ (B-a) 2), 
and taking over the term 


z 2s, rool l)(B’-a@)z, =(B—4)(m—-l)z, 


this gives 


I(E- 82) +m (E—az) + 2Vlm(E— az) (E— P3) =- a = (m= 1) (n = 8'2), 
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which puts in evidence the tangent »—§’z. It is easy to see that the equation may 
be written in any one of the four forms 


Vt E=a2)+¥m(E~Be)+4/— 8-4 -Da-da 
Vn (E—az)+V 1 (E— Be ey ee 
m(E—az)+V I(E 2) +4/ waa L)(m — B’z)=0, 


VT (q—@2)+Nm(q—B2) + NA ~ A ia a 


Vaa- Tey B2)+4/ -G 2 (m —D(E—B2)=0, 


viz, in forms containing any three of the four radicals VE—az, VE—Bz, Vn—4z, 
Vy — 8z. The conic is thus expressed as a trizomal curve, the zomals being each a 
line, viz., they are any three out of the four focal tangents; the order of the curve, 
as deduced from the general expression 2’-*7, is =2; so that there is here no depression 
of order. 


115. But the ordinary form of the focal equation is a more interesting one; viz., 
IA, B being as usual the squared distances of the current point from the two given 
foci respectively, say 


A =(E—az)(n-az), 

B =(§— Bz) (n - 82), 
then 2a being an arbitrary parameter, the equation is 
2az + VA+ VB =0, 


viz, the equation is here that of a trizomal curve, the zomals being curves of the 
second order, that is, the zomals are (z22=0) the line infinity twice, and the line-pairs 
AI, AJ and BI, BJ respectively: the general expression 2r gives therefore the order 
=4; but in the present case there are two branches; viz., the branches 


2az +V — VB =0, 2az-— V%+VB =0, 
each ideally containing (z=0) the line infinity; the curve contains therefore (2°= 0) 


the line infinity twice, and omitting this factor the order is = 2, as it should be. 


116. To express the equation by means of the other two foci A,, B,, writing the 
equation under the form 
A +B +2VAB — 4a = 0, 


and then if M, B, are the squared distances of the current point from A,, B, 
respectively, we have (ante, No. 65), 


AD = 4,35,, 
J + B +p I, as B, =kz*, 
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110. Consider any two foci A, B not in lined with either of the points J, J, 
then joining these with the points J, J, and taking A,, B, the intersections of AI, BJ 
and of AJ, BI (A,, B, being therefore by a foregoing definition the antipoints of (A, B)), 
then dA,, B, are, it is clear, foci of the curve. We may out of the p? foci select, and 
that in 1.2..p different ways, a system of p foci such that no two of them lie 
in lined with either of the points J, J; and this being so, taking the antipoints of 
each of the 4p(p—1) pairs out of the p foci, we have, inclusively of the p foci, in 
all p+2.4p(p—1), that is p? foci, the entire system of foci. 


Article Nos. 111 to 117. On the Foci of Conies. 


111. A conic is a curve of the class 2, and the number of foci is thus =4 
Taking as foci any two points A, B, the remaining two foci will be the antipoints 
A, B,. In order that a given point A may be a focus, the conic must touch the 
lines AZ, AJ; similarly, in order that a given point B may be a focus, the conic 
must touch the lines BJ, BJ; the equation of a conic having the given points A, B 
for foci contains therefore a single arbitrary parameter. 


112. In the case, however, of the parabola the curve touches the line infinity ; 
there is consequently from each of the points J, J only a single tangent to the 
curve, and consequently only one focus: the parabola having a given point A for its 
focus is a conic touching the line infinity and the lines AJ, AJ, or say the three 
sides of the triangle AIJ; its equation contains therefore two arbitrary parameters. 


113. Returning to the general conic, there are certain trizomal forms of the focal 
equation, not of any great interest, but which may be mentioned. Using circular 
coordinates, and taking (a, a’, 1) and (8; 8’, 1) for the coordinates of the given foci 
A, B respectively, the conic touches the lines §—az=0, n—-—a’z=0, &-—Bz=0, 
n —§’2=0; the equation of a conic touching the first three lines is 


V1(E — az) + Vin (E— Bz) + Vn (n —&z) =0, 
where J, m, n are arbitrary, and it is easy to obtain, in order that the conic may 


touch the fourth line n —§’z=0, the condition 


B-a 
iT giraal): 


114. In fact, n having this value, the equation gives 


I(E- az) +m (E — Bz) +2Vim E-a) EB) =- 8, S m-i) (1-824 (8 -— 2) 2), 
and taking over the term 


TS (m=) (P-a) =(B-a(m—)e, 
this gives 
—a 


1 (E— Bz) +m(E—a2) +2 Vim (E— a2) (E= Ba) =- 


(m — l) (n — B'2), 
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ing 
viz., of a circle having its centre on the major axis at a distance =aesin 0 from the 
centre, and its radius =bcos@. (I notice, in passing, that this gives in practice a 
very convenient graphical construction of the ellipse.) It may be remarked that for 
0 = + sine, the circle becomes 
, b2 .\2 b4 
reutjes 


a? 
viz, this is the circle of curvature at one or other of the extremities of the major 
axis; as 6 passes from 0 to +sin™e we have a series of real circles, which, by their 
continued intersection, generate the ellipse; as @ increases from O= + sin™e to +90’, 
the circles continue real, but the consecutive circles no longer intersect in any real 
point, —and ultimately for =+ 90°, the circles become evanescent at the two foci 
respectively. 


121. In the case g>1, we have a real representation of 
(x—qaer+y? +? (g?- 1), 


as the squared distance of the point (a, y) from a point (X, 0, Z) out of the plane 
of the figure, viz., putting this = (s — X} +4? + Z, 


we have 
qae = X, Z=P(¢-—1), 
whence 
Xe 
Z = b? (= 1) , 
or, what is the same thing, 
x? 2 
at i a 


that is, the locus is the focal hyperbula, viz., a hyperbola in the plane of zz, having 
its vertices at the foci, and its foci at the vertices of the ellipse. 


122. If instead of the form first considered, we start from the trizomal form 
2bz + Va? + (y — aeiz) + Va? + (y+ aeiz} = 0, 

then we have the zomal or circle of double contact-under the form 

a + (y — qaei} =a? (1—4q); 
or putting herein g=—7 tan ¢, this is 

x +(y —aetan >)? = a? sec’ o; 
so that we have the ellipse as the envelope of a variable circle having its centre 
on the minor axis of the ellipse, distance from the centre =aetan p, and radius 
=asecgd. This is, in fact, Gergonne’s theorem, according to which the ellipse is 
the secondary caustic or orthogonal trajectory of rays issuing from a point and 
refracted at a right line into a rarer medium. It is to be remarked that for 
tan @ = + T the equation of the circle is 


at 


æ+ (y t0- 9)) =p 
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where & is the squared distance of the foci A, B, =4a’e? suppose: whence putting 
a? (1—é)=6?, the equation becomes 

YI, + B, + 2 VIB, — 4622? = 0, 
that is tant 

vA, + VB, + 2bz =0, 

which is the required new form. It is hardly necessary to remark that the equation 
2az+ VA +B =0, putting therein z= 1, and expressing A, B in rectangular coordinates 
measured along the axes, is the ordinary focal equation 2a = V(a — ae) + y? + V(@ + ae)? + y. 


117. Iremark that the equation 2az+V%2+VB=0 gives rise to 4a%z? + I-B+4azVA=0, 
but here %—B=—4aewz, so that the equation contains z=0, and omitting this it 
becomes (az—ex)+V%=0, a bizomal form, being a curve of the order = 2, as it should 
be; this is in fact the ordinary equation in regard to a focus and its directrix. 


Article Nos. 118 to 123. Theorem of the Variable Zomal as applied to a Conic. 


118. The equation 2kz+V%I°+V¥B8°=0 is in like manner that of a conic; in 
fact, this would be a curve of the order = 4, but there are as before the two branches 
2kz + VIP — VB’ =0, 2kz —V IP + VB°=0, each ideally containing (¢=0) the line infinity, 
and the order is thus reduced to be =2. Each of the circles 2°=0, B°=0 is a 
circle having double contact with the conic (this of course implies that the centre of 
the circle is on an axis of the conic) We may if we please start from the form 
2kz+ VA +H =0, and then by means of the theorem of the variable zomal introduce 
into the equation one, two, or three such circles. 


119. It is in this point of view that I will consider the question, viz., adapting 
the formula to the case of the ellipse, and starting from the form 


Qaz + V(x — aez? + y+ V(x + aez}? +y =0, 
the equation of the variable zomal or circle of double contact may be taken to be 


darz? | (x — aez} + es (~+aezP+y _ 0 
=o 1l—gq l+q th hs 


where q is an arbitrary parameter; writing for greater simplicity z=1, and reducing, 


the equation is 
(@— qef +P =E (1 -— o). 


120. If q< 1, then writing q= sin 0, we obtain the ellipse 


2 
e+e a1, 
eo 


as the envelope of the variable circle 


(a — ae sin 0? + 4? = b cos? 0, 
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125. Hence taking the points on the curve to be the circular points at infinity, 
we have the sixteen foci lying in fours upon four different circles—that is, we have 
four tetrads of concyclic foci, Let any one of these tetrads be A, B, C, D, then if 


Antipoints of (B, C)(A, D) are (B,, CG), (Ai, D), 


» (C, A)(B, D) » (Cz, ds), (Br, D), 
» (A, BIIO, DIPSA: Bs)” (C3 Ds), 
the four tetrads of concyclic foci are 
Ag en een Tee 
a. B G n 
Ax, vile, Bares 
Aj; ) Bs; 10; AD; 


It is to be observed that if A, B, C, D are any four points on a circle, then if, as 
above, we pair these in any manner, and take the antipoints of each pair, the four 
antipoints lie on a circle, and thus the original system A, B, C, D, of four points on 
a circle, leads to the remaining three systems of four points on a circle. The theory 
is in fact that already discussed ante, No. 72 et seq. 


126. The preceding theory applies without alteration to the bicircular quartic, 
viz., the quartic curve which has a node at each of the circular points at infinity. 
The class is here =8, but among the tangents from a node each of the two tangents 
at the node is to be reckoned twice. and the number of the remaining tangents is 
=4: the number of foci is =16. And, by the general theorem that in a binodal 
quartic the pencils of tangents from the two nodes respectively are homologous, the 
sixteen foci are related to each other precisely in the manner of the foci of the 
circular cubic. The latter is in fact a particular case of the former, viz., the bicircular 
quartic may break up into the line infinity, and a circular cubic. 


Article Nos. 127 to 129. Centre of the Circular Cubic, and Nodo-Foci, dc. of the 
Bicircular Quartic. 


127. The tangents at J, J have not been recognised as tangents from J, J, giving 
by their intersection a focus, but it is necessary in the theory to pay attention to the 
tangents in question. It is clear that these tangents are in fact asymptotes—viz., in 
the case of the circular cubic they are the two imaginary asymptotes of the curve, 
and in the case of a bicircular quartic, the two pairs of imaginary parallel asymptotes; 
but it is convenient to speak of them as the tangents at J, J. 


128. In the case of a circular cubic, the tangents at J and J meet in a point 


which I call the centre of the curve, viz., this is the intersection of the two imaginary 
asymptotes. 
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129. In the case of a bicircular quartic, the two tangents at Z and the two 
tangents at J meet in four points, which (although not recognising them as foci) I 
call the nodo-foci; these le in pairs on two lines, diagonals of the quadrilateral formed 
by the four tangents (the third diagonal is of course the line ZJ), which diagonals 
I call the “nodal axes;” and the point of intersection of the two nodal axes is the 
“centre” of the curve. The nodo-foci are four points, two of them real, the other two 
imaginary, viz, they are two pairs of antipoints, the lines through the two pairs 
respectively being, of course, the nodal axes; these are consequently real lines bisecting 
each other at right angles in the centre (with the relation 1 : ¿ between the distances). 
The centre may also be defined as the intersection of the harmonic of JJ in regard 
to the tangents at J, and the harmonic of this same line in regard to the tangents 
at J. Speaking of the tangents as asymptotes, the nodo-foci are the angles of the 
rhombus formed by the two pairs of parallel asymptotes; the nodal axes are the 
diagonals of this rhombus, and the centre is the point of intersection of the two 
diagonals; as such it is also the intersection of the two lines drawn parallel to and 
midway between the lines forming each pair of parallel asymptotes. 


Article No. 130. Circular Cubic and Bieircular Quartic; the Axial or Symmetrical 
Case. 


130. In a circular cubic or bicircular quartic, the pencil of the tangents from 
I and that of the tangents through J, considered as corresponding to each other in 
some one of the four arrangements, may be such that the line ZJ considered as 
belonging to the two pencils respectively shall correspond to itself, and when this is 
so, the four foci, A, B, C, D, which are the intersections of the corresponding tangents 
in question, will lie in a line (viz., the conic which exists in the general case will 
break up into a line-pair consisting of the line JJ and another line), The line in 
question may be called the focal axis; it will presently be shown that in the case of 
the circular cubic it passes through the centre, and that in the case of the bicircular 
quartic it not only passes through the centre, but coincides with one or other of the 
nodal axes, viz., with that passing through the real or the imaginary nodo-foci; that 
is, the curve may have on the focal axis two real or else two imaginary nodo-foci. 
The focal axis contains, as has been mentioned, four foci—the remaining twelve foci 
are situate symmetrically, six on each side of the focal axis, the arrangement of the 
sixteen foci being as mentioned ante, No. 81 et seg.; the focal axis is in fact an 
axis of symmetry of the curve, and if preferred it may be named the axis of symmetry, 
transverse axis, or simply the axis. And the curve (circular cubic, or bicircular quartic) 
is in this case a “symmetrical” or “axial” curve. 


Article Nos. 131 to 140. Circular Cubic and Bicircular Quartic: Singular Forms. 


131. The circular cubic may have a node or a cusp. If this were at one of the 
points Z, J the curve would be imaginary, and I do not attend to the case; and for 
the same reason, for the bicircular quartic I do not attend to the case where one of 


66—2 
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the points J, J is a cusp. There remain then for the circular cubic and for the 
bicircular quartic the cases where there is a node or a cusp at a real point of the 
curve; and for the bicircular quartic the case where each of the points J, J is a 
cusp—in general the curve has no other node or cusp, but it may besides have a 
node or cusp at a real point thereof. 


132. I consider first the case of the bicircular quartic where each of the points 
I, J is a cusp. The curve is in this case of necessity symmetrical (')—it is in fact 
a Cartesian; viz., the Cartesian may be taken by definition to be a quartic curve 
having a cusp at each of the circular points at infinity. But im this case, as dis- 
tinguished from the general case of the bicircular quartic, there is an essential 
degeneration of all the focal properties, and it is necessary to explain what these 
become. The centre is evidently the intersection of the cuspidal tangents; the nodo- 
foci (so far as they can be said to exist) coalesce with the centre, and they do not 
in so coalescing determine any definite directions for the nodal axes; that is, there 
are no nodal axes, and the only theorem in regard to the focal axis or axis of 
symmetry is, that it passes through the centre. Of the four tangents through the 
point J, one has come to coincide with the line IJ; and similarly, of the four 
tangents through the point J one has come to coincide with the line JJ: there 
remain only three tangents through J and three tangents through J, and these by 
their intersections determine nine foci—viz., three foci A, B, C on the axis, and besides 
(B,, C) the antipoints of (B, C): (C,, A.) the antipoints of (C, A) and (As, B,) the 
antipoints of (A, B). 


133. The remaining seven foci have disappeared, viz, we may consider that one 
of them has gone off to infinity on the focal axis, and that three pairs of foci have 
come to coincide with the points J, J respectively. The circle O (as in the general 
case of a symmetrical quartic) has become a line, the focal axis; the circles R, S, T 
(contrary to what might at first sight appear) continue to be determinate circles, viz., 
these have their centres at A, B, Č respectively, and pass through the points (B,, (), 
(C,, Az), and (As, B;) respectively, see ante, No. 83. But on each of these circles we 
have not more than two proper foci, and it is only on the axis as representing the 
circle O that we have three proper foci, the axial foci A, B, C: in regard hereto it 
is to be remarked that the equation of the curve can be expressed not only by 
means of these three foci in the form VIU+VmB+VnE=0; but by means of any 
two of them in the form vI +vmB+K =0, where K is a constant, or, what is the 
same thing (z being introduced for homogeneity in the expressions of A and 8 
respectively), in the form VIA + Vm% + Kz =0. 


134, Using for the moment the expression “twisted” as opposed to symmetrical— 


1 It will appear, post Nos. 161—164, that if starting with three given points as the foci of a bicircular 
quartic, we impose the condition that the nodes at J, J shall be each of them a cusp, then either the 
quartic will be the circle through the three points taken twice, in which case the assumed focal property of 
the given three points disappears altogether, or else the three points must be in lined, and thus the curve be 
symmetrical, that is, a Cartesian. 
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(viz, the curve is twisted when there is not any axis of symmetry, but the foci lie 
only on circles)—then the classification is 


Circular Cubics, twisted, 
s y symmetrical, 


Bicircular Quartics, twisted, 
: Ordinary, 
a i symmetrical, ; } ; 
| Bicuspidal = Cartesian, 
and ‘each of these kinds may be general, nodal, or cuspidal—viz., for the two last 
mentioned kinds there may be a node or a cusp at a real point of the curve. 


135. In the case of a node, say the point NV; first if the curve (circular cubic 
or bicircular quartic) be twisted—then of the four foci A, B, ©, D we have two, 
suppose B and O, coinciding with NV; and the sixteen foci are as follows, viz. 


B,C, A,D we N N, A, D; 

B,, G, A,, D, , N, N, Antipoints of (A, DY; 

C,, Ai B,, D, ,, Antipoints of (N, A), Antipoints of (NV, D); 
Ay; Bane aa x Do. do, 


viz, we have the points (A, D) each once, the node N four times, the antipoints of 
(A, D) once, and the antipoints of (N, A) and of (N, D), each pair twice. But 
properly there are only four foci, viz., the points A, D and their antipoints. The 
circle O subsists as in the general case, and so does the circle R(BC, AD), viz., this 
has for centre the intersection of the line AD by the tangent at N to the circle O, 
and it passes through the point W, of course cutting the circle O at right angles: 
the circles S and T each reduce themselves each to the point NV considered as an 
evanescent circle, or what is the same thing to the line-pair NI, NJ. 


136. The case is nearly the same if the curve be symmetrical, but in the case 
of the bicircular quartic excluding the Cartesian: viz, we have on the axis the foci 
B, C coinciding at W, and the other two foci A, D; the sixteen foci are as above— 
and the circle R is determined by the proper construction as applied to the case in 
hand, viz. the centre R is the intersection of the axis by the radical axis of the 
point WV (considered as an evanescent circle) and the circle on AD as diameter; that 
is RN?=RA.RD. And the circles S and T reduce themselves each to the point W 
considered as an evanescent circle. 

137. Next if we have a cusp, say the point K: first if the curve (circular cubic 
or bicircular quartic) be twisted—then of the four foci A, B, C, D, three, suppose 
A, B, ©, coincide with K; and the sixteen foci are as follows, viz., 


C’, ASD are K, K, K, D, 

p C,, A,, D, , K, K, Antipoints of (K, D), 
A By Dy Do. do. 

Ay," Be Aas DRT. Do. do, 


23 
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viz, we have the point D once, the point K nine times, and the antipoints of K, D 
three times. But properly the point D is the only focus. The circle O is, it would 
appear, any circle through K, D, but possibly the particular circle which touches the 
cuspidal tangent may be a better representative of the circle O of the general case— 
the circles R, S, T reduce themselves each to the point K considered as an evanescent 
point. 


138. The like is the case if the curve be symmetrical, but in the case of the 
bicircular quartic excluding the Cartesian; the circle O is here the axis, which is in 
fact the cuspidal tangent. 


139. For the Cartesian, if there is a node N; then of the three foci A, B, C, 
two, suppose B and C, coincide with N; the nine foci are A once, N four times, and 
the antipoints of N, A twice: but properly the point A is the only focus. And if 
there be a cusp K; then all the three foci A, B, C coincide with K; and the nine 
foci are K nine times; but in fact there is no proper focus. 


140. A circular cubic cannot have two nodes unless it break up into a line and 
circle; and similarly a bicircular quartic cannot have two nodes (exclusive of course 
of the points J, J) unless it break up into two circles; the last-mentioned case will 
be considered in the sequel in reference to the problem of tactions. 


Article No. 141. As to the Analytical Theory for the Circular Cubic and the Bicircular 
Quartic respectively. 


141. It may be remarked in regard to the analytical theory about to be given, 
that although the investigation is very similar for the circular cubic and for the 
bicircular quartic, yet the former cannot be deduced from the latter case. In fact if 
for the bicircular quartic, using a form somewhat more general than that which is 
ultimately adopted, we suppose that for the two nodes respectively (E=0, 2=0) and 
(n=0, z=0), then if 1+ mz=0, ’E+ m'z=0, nn + pz=0, n'n+p’z=0 are the tangents 
at the two nodes respectively, the equation will be- 


(lé + mz) (VE + m'z) (nn + pz) (n'n +p'2) + e2°En + 2 (ak + bn) + 024 = 0, 


and if (in order to make this equation divisible by z, and the curve so to break up 
into the line z=0 and a cubic) we write /=0 or n=0, then the curve will indeed 
break up as required, but we shall have, not the general cubic through the two points 
(E=0, z=0), (y=0, z=0), but in each case a nodal cubic, viz., if /=0 there will be 
a node at the point (7=0, z=0), and if n=0 a node at the point (E=0, z=0). 


Article Nos. 142 to 144, Analytical Theory for the Circular Cubic. 


142. I consider then the two cases separately; and first the circular cubic. The 
equation may be taken to be 


En (pE + qn) + ezẸn + 2° (a& + bn +cz) = 0, 
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or, what is the same thing, 


En (pE + qn + ez) + 2° (WE + bn + cz) = 0, 

viz. (É, n, 2z) being any coordinates whatever, this is the general equation of a cubic 
passing through the points (E=0, z=0), (y=0, z=0), and at these points touched by 
the lines €=0, ņ=0 respectively. And if (E, n, z=1) be circular coordinates, then we 
have the general equation of a circular cubic having the lines €=0, »=0 for its 
asymptotes, or say the point €=0, ņ=0 for its centre; the equation of the remaining 
asymptote is evidently p&+qn+ez=0; to make the curve real we must have (p, q) 
and (a, b) conjugate imaginaries, e and ¢ real. 


143. Taking in any case the points J, J to be the points E=0, z=0 and n= 0, 

z=0 respectively, for the equation of a tangent from I write p&=0z; then we have 

On (0z + qn + ez) + 2(a0z + bpn + cpz)=0, 
that is 

2° (a0 + cp) + nz (@ + e0 + bp) + 7°. q0 =0, 
and the line will be a tangent if only 

(@ + €6 + bp? — 490 (a0 + cp) = 0, 

that is, the four tangents from J are the lines p&=6z, where @ is any root of this 
equation; similarly the four tangents from J are the lines gn=¢z, where œ is any 


root of the equation 
($+ ep +aqy — 4po (bd + cq) = 9. 


Writing the two equations under the forms 


6, \ 6, ) 
3e, l 3e, 
| & + 2bp — 4aq , (6, 1} =0, & + 2ag — 4bp , Ço, 1)'=0, 
3ebp  — 6cpq, 3eaq  — Sepa, 
6b?p?, J bag, j 


the equations have the same invariants; viz., for the first equation the invariants are 
easily found to be 


I= 3(@—4bp-— 4aq} + 72 (ce —2ab) pq, 
J=— (#—4bp—4aq)’ — 36 (ce — 2ab) pq (® — 4bp — 4aq) — 216 è pg’, 


and then by symmetry the other equation has the same invariants. The absolute 
invariant J*+J* has therefore the same value in the two equations; that is, the 
equations are linearly transformable the one into the other, which is the before- 
mentioned theorem that the two pencils are homographic, 


144, The two equations will be satisfied by 6=¢, if only bp=aq; that is, if 
p=7 i q=}; putting for convenience 7 in place of e, the equation of the curve is then 
En (aE + bn + ez) + ke (aE + bn + cz) =0. 
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In this case the pencils of tangents are a= kôz, bn =k0z, where @ is determined by 
a quartic equation, or taking the corresponding lines (which by their intersections 
determine the foci A, B, ©, D) to be (a&=kO,z, bn = k02), &c., these four points lie in 
the line a&—bn=0, which is a line through the centre of the curve, or point E= 0, 
n=0: the formule just obtained belong therefore to the symmetrical case of the 
circular cubic. Passing to rectangular coordinates, writing z=1, and taking y=0 for 
the equation of the axis, it is easy to see that the equation may be written 


(a? + y*) (e«—a)+k(a—b)=0; 
or, changing the origin and constants, 


æy? + (æ —a)(a—b)(#-—c)=0. 


Article Nos. 145 to 149. Analytical Theory for the Bicircular Quartic. 


145. The equation for the bicircular quartic may be taken to be 
k (E — œz) (n — Bea") + e2*&n + 2° (aE + bn) + cz4 = 0, 


viz. (E, 7, 2) being any coordinates whatever, this is the equation of a quartic curve 
having a node at each of the points (E=0, z=0) and (ņ=0, z=0): the equations of 
the two tangents at the one node are €—az=0, &€+az=0; and those of the two 
tangents at the other node are »—8z=0, »+f8z=0; £=0 is thus the harmonic of 
the line z=0 in regard to the tangents at (E=0, z=0), and ņ=0 is the harmonic 
of the same line z=0 in regard to the tangents at (7=0, z=0). If (& n, z=1) be 
circular coordinates, then we have the general equation of the bicircular quartic having 
the lines €+az=0, £—az=0 for one pair, and the lines »—8z=0, n+@z=0 for the 
other pair of parallel asymptotes; and therefore the point £=0, 7=0 for centre, and 
the lines BE—an=0, BE+an=0 for nodal axes. In order that the curve may be real 
we must have (a, 8), (a, b) conjugate imaginaries, k, e, c real. The points (£=0, z=0) 
and (7=0, z=0) are as before the points J, J. If a=0, the node at I becomes a 
cusp, and so if 8=0, the node at J becomes a cusp; the form thus includes the case 
of a bicuspidal or Cartesian curve. 


146. To find the tangents from J, writing in the equation of the curve £= 0az 
we have ' 
ka? (@ — 1) (nm? — B22") + eaOnz + z (aabz + bn) +c22=0; 
that is 
n? . kæ (@—1), 


+ n2. eaf +b, 
+2. — keg (@—1)+aa0+c=0, 


and the condition of tangency is 


4k (6? — 1) {katg? (@— 1) — aað — c} + (e042) =0; 
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viz, the tangents from I are E= Qaz, where @ is any root of this equation. Similarly, 
if we have 


4k ($° — 1) {kæp ($° — 1) — bBo — c} + (eo T B, =0, 
the tangents from J are ņ = 8z, where is any root of this equation. 


147. The two equations may be written 


24ko pe, \ 24ka f, 
| — 6kaa, — 6kbB, 
— Sk*e@— 4ke+e’, — 8k- 4ke+ e, 
b 00: 4-90, i 4, 1) =0, 
| baa 4+3e-, ` 6kbB ee 
a B 
b2 a? } 
24k p + 24ke + 6 — 24k°a?8? + 24ke + 6 = 
a”) ie J 


which equations have the same invariants; in fact for the first equation the invariants 
are found to be as follows, viz., if for shortness O= — 8k?a?8?— 4ke +e, then 


T = 576k ht + 576k? co2B? + 144k (wa + bR) + T2kab + 302, 
J = C0 {57 6kta Bt + 576k'ca p? + 144k? (aa + b8?) + 36keaß — C?} 
— 864k*eabe? 8? — 21 6k°e (wa? + b?B*) — 216k°a?b?, 
and then by symmetry the other equation has the same invariants. The absolute 
invariant I*J? has thus the same value in the two equations, that is, the equations 


are linearly transformable the one into. the other, which is the before-mentioned 
theorem that the pencils are homographice. 


148. The equations will be satisfied by 0 = ¢ if only aa = b£, that is, if a, b= mB, ma; 
or by 6=—¢ if only aa =— b, that is, if a, b=mB, —ima: the equation of the curve 
is. in these two cases respectively 


k (E — a2?) (n? — Bez’) + ezt€n + mz? (BE + an) +024 =0, 
k (E — £2) (n? — B?2*) + evEn + mz’ (BE — an) + czt =0. 


If to fix the ideas we attend to the first case, then the equation in @ is 


k 24k pe, i 

w 6himaB, 

4{— 8haB?— 4hc+e, C0, 1)'=0; 
— 6kmaB + 3me, | 
24a p? + 24ke + 6m? | 


and we may take as corresponding tangents through the two nodes respectively £= ĝaz, 
n = 082; the foci A, B, C, D, which are the intersections of the pairs of lines (E= ĝ,az, 
Oo a o 67 
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n= 0,82), &c., lie, it is clear, in the line BE-—an=0, which is one of the nodal axes 
of the curve. Similarly, in the second case, if @ be determined by the foregoing 
equation, we may take as corresponding tangents through the two nodes respectively 
E= baz, n=—OBz; the foci (A, B, C, D), which are the intersections of the pairs of 
lines (E=0,az, n =— 0,82), &c., lie in the line B&+an=0, which is the other of the 
nodal axes of the curve. In either case the foci A, B, C, D lie in a line, that is, 
we have the curve symmetrical; and, as we have just seen, the focal axis, or axis of 
symmetry, is one or other of the nodal axes. 


149. In the case of the Cartesian, or when a=0, 8=0, viz., the equation aa =bg 
is satisfied identically, and this seems to show that the Cartesian is symmetrical; it 
is to be observed, however, that for a=0, @=0 the foregoing formule fail, and it is 
proper to repeat the investigation for the special case in question. Writing a=0, B=0, 
the equation of the curve is 


k&n? + ez?Ẹn + 2° (aë + bn) + czt = 0, 
and then, taking &= @bz for the equation of the tangent from I, we have 
1 . kee 
+7z.b(e@4+ 1) 
+2 .abd+c=0, 


and the condition of tangency is 
4k@? (ab? +c) —(e0 +17" =0; 


viz., we have here a cubic equation. Similarly, if we have »=@az for the equation 
of a tangent from J, then 
Ak? (abh + c) — (ep +1)? = 0. 

Hence @ being determined by the cubic equation as above, we may take ġ=0, and 
consequently the equations of the corresponding tangents will be €=6bz, ņ= ĝaz, viz., 
the foci A, B, C will be given as the intersections of the pairs of lines (& =0,bz, 
n = 0,az), &c. The foci lie therefore in the line a&=bn=0; or the curve is symmetrical, 
the focal axis, or axis of symmetry, passing through the centre. 


Article Nos. 150 to 158. On the Property that the Points of Contact of the Tangents 
from a Pair of Concyclhic Foci lie in a Circle. 


150. We have seen that the sixteen foci form four concyclic sets (A, B, C, D), 
(A,, B,, C; D,), (As, Ba, Cs, Di), CAs," B;, C,, Dpthiat is, A,B, C, D are ina circle. 
We may, if we please, say that any one focus is concyclic—viz., it lies in a circle with 
three other foci; but any two foci taken at random are not concyclic; it is only a pair 
such as (A, B) taken out of a set of four concyclic foci which are concyelic, viz. 
there exist two other foci lying with them in a circle. The number of such pairs 
is, it is clear =24, Let A, B be any two concyclic foci, I say that the points of 
contact of the tangents AJ, AJ, BI, BJ, lie in a circle. 
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151. Consider the case of the bicircular quartic, and take as before (E=0, z=0), 
and (»=0, z=0) for the coordinates of the points J, J respectively. Let the two 
tangents from the focus A be §—az=0, »—a’z=0, say for shortness p=0, p’=0, 
then the equation of the curve is expressible in the form pp’U=V?(?), where U=0, 
V=0 are each of them a circle, viz, U and V are each of them a quadric function 
containing the terms 2, zy, z& and &. ‘Taking an indeterminate coefficient ^, the 
equation may be written 

pp (U +2AV + r2pp’) = (V + App’), 

and then à may be so determined that U+2XV+)*pp’=0, shall be a 0-circle, or 
pair of lines through Z and J. It is easy to see that we have thus for à a cubic 
equation, that is, there are three values of à, for each of which the function 
U+2X\V+ pp’ assumes the form (€—§8z)(m—‘8’2), =qq suppose: taking any one of 
these, and changing the value of V so as that we may have V in place of V+ App’, 
the equation is pp’gq’+ V°’, where V=0 is as before a circle, the equation shows that 
the points of contact of the tangents p=0, p’=0, g=0, q =0 lie in this circle V=0. 
The circumstance that à is determined by a cubic equation would suggest that the 
focus g=0, q’=0 is one of the three foci B, C, D concyclic with A; but this is 
the very thing which we wish to prove, and the investigation, though somewhat long, 
is an interesting one. 


152. Starting from the form pp’qq = V°, then introducing as before an arbitrary 
coefficient à, the equation may be written . 


pp (qq + 2XV + App’) = (V + App’y, 


and we may determine à so that qq’ +2AV +2 pp’=0 shall be a pair of lines. 
Writing V = Hén — Lnz — L'Ez + Mz, and substituting for pp’ and qq’ their values 
(€—az)(n — a'z) and (& — Bz)(n—’z), the equation in question is 


(1+ 2X. +) En —(B + 2XL + Xa) nz —(B’ + QL’ +r) Ez + (BB + 2AM + Nad) 2? = 0, 
and the required condition is 
(1+ 2. +22) (BB + 2AM + xa) = (8 + 2AL + r2a) (B +ALL + 2a’) ; 


or reducing, this is 


(2M + 2HBp’ —2L'B — 218) 
+A ((a— B) (€ — 8’) +4HM—-4L1’) 
+A? (2M + 2Had — 2L'a — 2Ld') = 0, 


viz, à is determined by a quadric equation. Calling its roots M, and à, the foregoing 
equation, substituting therein successively these values, becomes (E — y2)(ņn — y'z2)= 0, and 
(€ — èz) (n — &'z)=0 respectively, say rr’=0 and ss = 0. 


1 This investigation is similar to that in Salmon’s Higher Plane Curves, p. 196, in regard to the double 
tangents of a quartic curve. 


67—2 
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153. We have to show that the four foci (p=0, p’=0), (q=0, ¢=0), (r=0, 
rv =0), (s=0, s’=0) are a set of concyclic foci; that is, that the lines p=0, q=0, 
r=0, s=0 correspond homographically to the lines p’=0, g =0, 7’ =0, s’=0; or, what 
is the same thing, that we have 

tat ee aa’ ped) 
1, B, B, BR 
l , , 


en Lowey 5. YX 
| ie PO ES 


or, as it will be convenient to write this equation, 


a—B y— è _a-8 Bry 
a — p’ y —8 


TR al E F% B —1' . 
154. We have 
_B+2nl+r>A%e , BENLE 


Y° T+2HA,+e?? 7 142A, TA 
g BH AL + Atay R EL + dita 
1+2Hnr,+ A?’ 1+2Anr, +r? 
The expressions of a—6, &c., are severally fractions, the denominators of which disappear 
from the equation; the numerators are 
fora —8, = a(1+ 2A, +r?) — (8 + 2ML +a’), 
= a—B8+2ir,(aH—-L); 
for B-—y, = 8(1+2XH+4+2?)—-(8+ 2,1 +42), 
A {2 (BF —L)(a—8)}; 
(B + 2L + a^?) (1+ 2HA, + w) 
— (B + 2D. + ar2) (1 + 2H, +), 
(a — B’) {2H*aB — 2HL (a+ B) + 2L +4 (a— By}; 


for y — 4, 


and it hence easily appears that the equation to be verified is 
2Haß — 2HL (a+ B)+ 2+4 (a-f _a-B+20H-L)M^m 2(BH-L)-(a-8)^M 
2Ha p -2HE (d +P’) +2L7+4 (€ -BF WB +2 H—-L)d,' 2 (BH -L)- (€ - B) M 
155. This is \ 
B-C _ A+Br,4+0r.4+ Daa, 
Ba “Alt BN C Nt DN 
A= 2(a-ß)(BH-L) , A’= 2a-P)(PH-L) , 
B=- (a-ß) , B=- Ww-py 
C= 4(aH-L)\(BH-L), C= 4(W”H-L’)(PH-TL), 
D=-2(a-B)(aH-L) , D=-2(¢-P)\@wH-TL’) , 
and the equation then is 
AB’ — A'B+ CA’ -0A —(4 +) (BO — BC) +r (CD — O'D—(BD’ — B’D)). 


if for shortness 


www.rcin.org.pl 


414] ON POLYZOMAL CURVES. 533 
156. Calculating AB’ —A’B, CA’—C'A, CD'-—C'D, BD'-— B'D, these are at once 
seen to divide by {(aQ’—a’8)H+L (a — 8’) — L’(a—£)}; we have, moreover, 
BC —-BC=-4(a-ByY(@H-L’) (BP H-TL’')+4(a -BY (aH —L)(BH—-L), 
=- {(aa’ — Bp’) H — L(a — 6’) — I (a— B)} {a8 — aB) H+ L (d — B')— Li (a — B), 
viz., this also contains the same factor; and omitting it, the equation is found to be 
Ke- B)(€ - 8) — 4(BH — L)(B'H - I’) } 
— 2 {(aa’— BB’)H —L(a’—p’) —L’(a—B) tA) 
+ {-(a-—B)(’-—P)+4(eH-L)\@#H-TL’)} rr, =0; 
viz., substituting for >, +2, and AA their values, .this is 
Va- 8) (a — 6’) — 4 (BH — L)(B'H — I) (M + Had — Lal — L'a) 
— {(aa' — BB’) H — L (d — 8’); (a-p) (a — 6) + 4HM — 400} 
+ {- (a— B) (€ — 6’) + 4(aH — L) (« H —L’)} {M+ HBP — Lp’ -1’B} = 0, 
which should be identically true. Multiplying by H, and writing in the form 
(a-p) (a —-')—4(GH-L)(BH-L’) }(HM—LL'+(@QH—-L)(@#H-L') ) 
— {(aH — L) («H — L')— (BH — L) (B'H —L’)} ((a—B)(a’— 8’) +4(HM-LI') )/ 
+ {-(a— B) (@ — B’) + 4 (aH — L) («' H -L’)} (HM — LE + (BH — L) (B'H -L’)) =0, 
we at once see that this is so, and the theorem is thus proved, viz., that the equation 


being pp’gq’ = V°, the foci (p=0, p'=0) and (q=0, g = 0) are concyclic. 


157. By what precedes, à being a root of the foregoing quadric equation, we may 


write 
q¢ +2XV +Xpp' = Krr, 


where the focus r=0, r’=0 is concyclic with the other two foci; but from the 
equation of the curve V=*Vpp'qq, that is we have 

qg + 2X Vpp'ay’ + pp! = Krr', 
or, what is the same thing, 

Nod ta oR don oe 

viz, this is a form of the equation of the curve; substituting for p, p’, q, q, r, 7’ 
their values, writing also 
l A =(E— az) (n= xz), 
B = (E — Bz) (n — 82), 
© =(£— yz) (n — yz), 
and changing the constants à, K (viz. à : 1: K=Vl: Vm: Vn) the equation is 
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viz, we have the theorem that for a bicircular quartic if (€-az=0, »-—a’z=0), 
(E—Bz=0, n—f’2=0, (E—yz=0), n—y2=0) be any three concyclic foci, then the 
equation is as just mentioned; that is, the curve is a trizomal curve, the zomals 
being the three given foci regarded as 0-circles. The same theorem holds in regard 
to the circular cubic, and a similar demonstration would apply to this case. 


158. It may be noticed that we might, without proving as above that the two 
foci (p=0, p’=0), (q=0, q =0) were concyclic, have passed at once from the form 
pp'ag = V>, to the form AV pp' +q +K vrr'=0 (or VX&=VmB=VnE=0), and then 
by the application of the theorem of the variable zomal (thereby establishing the 
existence of a fourth focus concyclic with the three) have shown that the original 
two foci were concyclic. But it seemed the more orderly course to effect the demon- 
stration without the aid furnished by the reduction of the equation to the trizomal 
form. 


Part IV. (Nos. 159 to 206). ON TRIZOMAL AND TETRAZOMAL CURVES WHERE THE ZOMALS 
ARE CIRCLES. 


Article Nos. 159 to 165. The Trizomal Curve—The Tangents at I, J, ke. 


159. I consider the trizomal 
VIW + VmB° + VnC = 0, 


where A, B, C being the centres of three given circles, 2°, &c. denote as before, viz., 
in rectangular and in circular coordinates respectively, we have 


W = (s — az + (y — d'z¥— a”, = (E — az) (n -az )— a2, 
H° = (£ en bz) $ (y yg bz b222, pra (E Lx Bz) (n pd B’z) w b222, 
EC = (x-z + (y -zf -z, =(E-— yz) (n—9'2) — 02. 


By what precedes, the curve is of the order =4, touching each of the given circles 
twice, and having a double point, or node, at each of the points I, J; that is, it is 
a bicircular quartic: but if for any determinate values of the radicals Vl, Vm, Vn, 
we have 

e aden AS 
then there is a branch 

VIA + VmB° + Vn =0, 


containing (z=0) the line infinity; and the order is here =3: viz. the curve here 
passes through each of the points Z, J and through another point at infinity (that is, 
there is an asymptote), and is thus a circular cubic. 


160. I commence by investigating the equations of the nodal tangents at the 
points J, J respectively; using for this purpose the circular coordinates (£, ņ, z=1), 
it is to be observed that, in the rationalised equation, for finding the tangents at 
(§=0, z=0) we have only to attend to the terms of the second order in (¢, z), and 
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similarly for finding the tangents at (ņ=0, z=0) we have only to attend to the terms 
of the second order in (n, z) But it is easy to see that any term involving a”, b”, 
or c” will be of the third order at least in (¢, z), and similarly of the third order at 
least in (n, z); hence for finding the tangents we may reject the terms in question, 
or, what is the same thing, we may write a”, b”, c” each =0, thus reducing the three 
circles to their respective centres. The equation thus becomes 


V1 (E— az) ( — d'z) + Vm (E — Bz) (n — B’2) + Vn (E— 92) 9-2) =0. 


For finding the tangents at (E=0, z=0) we have in the rationalised equation to 
attend only to the terms of the second order in (&, 2); and it is easy to see that 
any term involving a’, 8’, y will be of the third order at least in (&, z), that is, 
we may reduce a’, 8’, y each to zero; the irrational equation then becomes divisible 


by Vn, and throwing out this factor, it is 

V1(E— az) +Vm(E — Bz) + Vn (E — yz) =0, 
viz., this equation which evidently belongs to a pair of lines passing through the point 
(€=0, z=0) gives the tangents at the point in question; and similarly the tangents 
at the point (7=0, z=0) are given by the equation 

V1 (n — a’2z) + Vin (yn — B’2) + Vn (n— 2) =0. 


161. To complete the solution, attending to the tangents at (E=0, z=0), and 


putting for shortness 
A= Ll—m —n, 


p=—-l +m —n, 
v =—l -m +n, 
A= P+- 2mn— 2nl — 2lm, 
the rationalised equation is easily found to be 
E A 
— 2&2 (Ida + muB + nvy) 
+ (LE + mB? + n'y? — 2ZmmBy — 2nlya — 2maB) = 0; 
and it is to be noticed that in the case of the circular cubic or when V/+Vm+WVn=0, 


then A=0, so that the equation contains the factor z, and throwing this out, the 
equation gives a single line, which is in fact the tangent of the circular cubic. 


162. Returning to the bicircular quartic, we may seek for the condition in order 
that the node may be a cusp: the required condition is obviously 


A (LÆ + mE + n°? — 2mnBy — 2nlyx — 2lmaß) — (I^a + muB + nvy)’ = 0, 


or observing that 
A— X =—4mn, &e. 
A+ pv=— 2h, &e. 
this is 
la? + mB? + ny? + ABy + pya + vap = 0, 
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or substituting for à, p, v, their values, it is 
L(a— B) (a—y) +m(B—y) (B— a) +n(y—@)(y—-8)=0, 
or, as it is more simply written, 
l m n 


a + + -- = 0. 
Aagi yon a—B 


163. If the node at (7=0, z=0) be also a cusp, then we have in like manner 


EME Anal 
B- y y— a a’ — p 


Now observing that 
(y—4)(a’— 8’) —(y -#) (a-p) =| a, aw, 1 
B, B, 1 
Yn ed 
= (a—8) (B’—9') -(#—-B)(B—-»), 
= (B= 9) (y— 18 = Fyre) 
= suppose: the two equations give 
L:m:n=Q(B-¥4) (8-7) : Aly-a) (y-a) : O@-B)(@—B); 
or if Q is not =0, then 
Lim:n= (B-y)(B-y): (y-a)(/-@): (a-p) p). 


164. If 
Q=|a; a’, 11, =0, 


Say a 
Y ¥, 1 
or, what is the same thing, if 
a, a, Le, 
0, AN | 
Cata D 


the centres A, B, C are in a line; taking it as the axis of æ, we have a= a =q, 
B=,'=b, y=y =c; and the conditions for the cusps at J, J respectively reduce 
themselves to the single condition 


so that this condition being satisfied, the curve 
VIe- az) + yf — a2} + Vmi{(a— bz} +y V2) + Vnl(@—c2¥ + CH) = 0 


is a Cartesian; viz, given any three circles with their centres on a line, there are 
a singly infinite series of Cartesians, each touched by the three circles respectively; 
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the line of centres is the axis of the curve, but the centres A, B, C are not the foci, 
except in the case a” =0, b” =0, c’=0, where the circles vanish. The condition for 
l, m, n is satisfied if l:m : n=(b—c) : (c-a) : (a—b); these values, writing 
Ml : Vm : Vn=b—c : c—a : a—b, give not only Vl+Vm+^~n=0, but also 
avi+bVm+cVn=0; these are the conditions for a branch containing (2?= 0) the 
line infinity twice; the equation 

(b — c) V (& u2} +y? — a2? + (c — a) (æ — bz} + y — 022? + (a —b) V(w@ — cz + YP oet =0, 


is thus that of a conic, and if a’=0, b’=0, c’=0, then the curve reduces itself to 
y= 0, the axis twice. 


165. If Q is not =0, then we have 
L:m:n=(B—¥)(B’—7) : (y—4)(y'—-@’) : (@—B)(@ — p), 


viz, l, m, n are as the squared distances BC*, CA?, AB, say as f? : g? : h; or when 
the centres of the given circles A, B, Č are not in a line, then f, g, h being the 
distances BC, CA, AB of these centres from each other, we have, touching each of 
the given circles twice, the single Cartesian 


SP 49 VB +1VE =0, 

which, in the particular case where the radii a”, b”, c” are each =0, becomes 
SVU +gVB +hvVE =O, 

viz., this is the circle through the points A, B, C, say the circle ABC, twice. 


Article Nos. 166 to 169. Investigation of the Foci of a Conic represented by 
an Equation in Areal Coordinates. 


166. I premise as follows: Let A, B, C be any given points, and in regard to 
the triangle ABC let the areal coordinates of a current point P be u, v, w; that is, 
writing PBC, &c., for the areas of these triangles, take the coordinates to be 


u:v:w=PBC : PCA : PAB, 
or, what is the same thing in the rectangular coordinates (s, y, z= 1), if 
(a,:0',.1), (b,:b',. 1),:f0,. 6 554), 
be the pres TRE of A, B, C respectively, take 


is ys EAT OEM Sh ay oa AA FA W: MG 8 Aly 
BA SD Fal Cy Od ia; 2 
ae: ae | a Oe | Ds Maes 
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or in the circular coordinates (E, 7, z=1), if (a, œ’, 1), (8, B’, 1), (y, y, 1) be the 
coordinates of the three points respectively, then 
G2 Ut ee Se ae | ee RD ee n, Z 
BBs % Ta 
Ya Y, 1 | | Q, a’, 1 i B, BS 1 
167. For the point Z we have (E, n, z)=(0, 1, 0), and hence if its areal 
coordinates be (wo, Vo, Ww), we have 
Uy : w : W=B-y:y-a: a—B, 
and hence also, (u, v, w) referring to the current point P, we find 
vw — ww =(y¥— a) [(a’ — B’) (E — a2) —(2 — B) (n — #2) ] 
—(a—B) [(y -a ) (€—22)-(y-2) (n-az)], =Q (E— az), 


if 
O. =(y— 4) (a’ — 8’) —(a@—B)(y'-@’), =| a, d, 1]; 
> a 1 
Y3 Y, 1 
whence 


UW- WV? Wo U— Wh : W V— Un =E-az:&—-—Bz: &-yz, 

and in precisely the same manner, if w, v, Ww refer to the point J, then 
Uy 2% : W=P—-y :y¥-a:a—P, 

and 

WW— UWV : WyeU— Wy : UWV — Uw, =Hn-az:n—-B2z:n-y2. 

168. Consider the conic 
(a, b, c, f, g, h¥u, v, wP=0, 

where u, v, w are any trilinear coordinates whatever; and take the inverse coefficients 
to be (A, B, C, F, G, H) (A=be—/?, &c.), then for any given point the coordinates of 
which are (us v» w), the equation of the tangents from this point to the conic is, 
as is well known, 


(A, B, ©, F, G, Hývw— ww, wu— uw, uy — vu? =0; 


consequently for the conic 
(a, b, o,f, g, hu, v, wy Eg, 


where (u, v, w) are areal coordinates referring, as above, to any three given points 
A, B, C, the equation of the pair of tangents from the point J to the conic is 


(A, B, C, F, G, HYE — az, E- Bz, E -— yz} =0, 
and that of the pair of tangents from J is 
(A, B, C, F, G, Hn — «z, n— z, n— yz = 0, 


these two line-pairs intersecting, of course, in the foci of the conic. 
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169. In particular, if the conic is a conic passing through the points A, B, O, 
then taking its equation to be 


low + mwu + nuv =0, 


the inverse coefficients are as (l, m, n?e, —2mn, —2nl, —2Im), and we have for the 
equations of the two line-pairs 


V1 (E—az)+Vm(E— Bz) + Vn (E—yz) =0, 
V1 (q — a'z) + Vm (n — Bz) +n (q — -y'2)=0. 


Article No. 170. The Theorem of the Variable Zomal. 


170. Consider the four circles 
M =0, PP=0, C =0, D =0 (W =(z— az} + (y — d'2} — a2, &e.), 
which have a common orthotomic circle; so that as before 


aA + bB° + eE + dD° = 0, 
where 
a:b:ce:d=BCD:-—-CDA : DAB: —ABC. 


I consider the first three circles as given, and the fourth circle as a variable circle 
cutting at right angles the orthotomic circle of the three given circles; this being 
so, attending only to the ratios a : b : c, we may write 


av: Dare = DBC.:. ..DGA. : DAB, 


that is, (a, b, c) are proportional to the areal coordinates of the centre of the variable 
circle in regard to the triangle ABC. 


171. Suppose that the centre of the variable circle is situate on a given conic, 
then expressing the equation of this conic in areal coordinates in regard to the 
triangle ABC, we have between (a, b, c) the equation obtained by substituting these 
values for the coordinates in the equation of the conic; that is, the equation of the 
variable circle is 


al’ + bB° + cb’ =0, 


where (a, b, c) are connected by an equation 


(a, b, C, Ha J, hýa, b, cj 


Hence (A, B, C, F, G, H) being the inverse coefficients, the equation of the envelope 
of the variable circle is 
(A, B, CO, F, G, HUW, B°, © =0, 
and, in particular, if the conic be a conic passing through the points A, B, C, and 
such that its equation in the areal coordinates (u, v, w) in regard to the triangle 
ABC is 
low + mwu + nw = 0, 


68—2 
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then the equation of the envelope is 

(L, me, n, —mn, —nl, —lm§ UW, B, SY=0; 
that is, it is 

Q,) Del, meh de = 1 ae aeS 


or, what is the same thing, it is 


VIN? + VMB? + Vn = 0. 


172. It has been seen that the equations of the nodal tangents at the points 
I, J respectively are respectively 


“itp as) ti e +¥a toed, 


and that these are the equations of the tangents to the conic lww + mwu + nw =0 
from the points J, J respectively. We have thus Casey’s theorem for the generation 
of the bicircular quartic as follows:—The envelope of a variable circle which cuts at 
right angles the orthotomic circle of three given circles %°=0, 8°=0, ©°=0, and has 
its centre on the conic luw+mwu+nuv=0 which passes through the centres of the 
three given circles is the bicircular quartic, or trizomal 


VIP + VmB° + Vn? =0, 
which has its nodo-foci coincident with the foci of the conic. 


173. To complete the analytical theory, it is proper to express the equation of 
the orthotomic circle by means of the areal coordinates (u, v, w). Writing for shortness 
a +a’? — a= a, &c, and therefore 


W =a? +y asz — 2a’'yz-a#, Ke, 
then if as before 


WV: WH=!1h, Yr, Srl UB \Yre eli |% Ys, 2], 
6, By a e; (Oya a, a@, 1 
A / d + 
Gel Gara eS pert a oe | 


and therefore 
e2:y:2=autb+ow: dut+bv+cw: utvt+y, 


the equation of the orthotomic circle is 
æ—az, y-az, ax+ay—az |=), 
æ—bz, y—bz, bæ+by-—bz 
æ—cz, y—-Cz, cat+cy—cz 

viz., throwing out the factor z, this is 


u(aa + a'y — az) +v (bx +b'y— bz) + w (ce + cy —cz)=0, 
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or, what is the same thing, it is 
(au + bv + cw) æ + (a'u + bv + cw) y—(autbv+ cw) z = Q, 
viz., it is 
(au+bv+cw? +(a'u+bv+ cw? -—(autbu+cw)(utv+w) =0, 
that is, substituting for a’, b, c` their values, it is 
wy? + by? + cw 
+(b +67 — (b =c} - (V —c'? ) vw 
+ (0 +a” — (c a} - (e — a} ) wu 
+ (a2 4b — (a —b}-— (a —b’?) w =0, 


and it may be observed that using for a moment a, 8, y to denote the angles at 


H att 


which the three circles taken in pairs respectively intersect, then we have 2b’c’ cosa 
=b" +0" —(b— ce} -— (b — cY, &c., and the equation of the orthotomic circle thus is 


(1, 1, 1, cosa, cos 8, cos yýa”u, bv, cw} = 0. 


174. We have in the foregoing enunciation of the theorem made use of the 
three given circles A, B, C, but it is clear that these are in fact any three circles 
in the series of the variable circle, and that the theorem may be otherwise stated 


thus : 

The envelope of a variable circle which has its centre in a given conic, and cuts 
at right angles a given circle, is a bicircular quartic, such that its nodo-foci are the 
foci of the conic. 


Article Nos. 175 to 177. Properties depending on the relation between the Conic and Circle. 


175. I refer to the conic of the theorem simply as the conic, and -to the fixed 
circle simply as the circle, or when any ambiguity might otherwise arise, then as the 
orthotomic circle. This being so, I consider the effect in regard to the trizomal curve, 
of the various special relations which may exist between the circle and the conic. 


If the conic touch the circle, the curve has a node at the point of contact. 


If the conic has with the circle a contact of the second order, the curve has a 
cusp at the point of contact. 

If the centre of the circle lie on an axis of the conic, then the four intersections 
lie in pairs symmetrically in regard to this axis, or the curve has this axis as an 
axis of symmetry. 

If the conic has double contact with the circle (this implies that the centre of 


the circle is situate on an axis of the conic) the curve has a node at each of the 
points of contact, viz, it breaks up into two circles intersecting in these two points. 
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The centres of the two circles -respectively are the two foci of the conic, which foci 
lie on the axis in question. Observe that in the general case there are at each of 
the circular points at infinity two tangents, without any correspondence of the tangents 
of the one pair singly to those of the other pair, and there are thus four inter- 
sections, the four foci of the conic; in the present case, where the curve is a pair 
of circles, the two tangents to the same circle correspond to each other, and intersect 
in the two foci on the axis in question. The other two foci, or antipoints of these, 
are each of them the intersection of a tangent of the one circle by a tangent of 
the other circle. 


If the conic has with the circle a contact of the third order (this implies that 
the circle is a circle of maximum or minimum curvature, at the extremity of an axis 
of the conic), then the curve has at this point a tacnode, viz. it breaks up into two 
circles touching each other and the conic at the point in question, and having their 
centres at the two foci situate on that axis of the conic respectively. 


176. If the conic is a parabola, then the curve is a circular cubic having the 
four intersections of the parabola and circle for a set of concyclic foci, and having 
the focus of the parabola for centre. The like particular cases arise, viz., 


If the circle touch the parabola, the curve has a node at the point of contact. 


If the circle has, with the parabola, a contact of the second order, the curve has 
a cusp at the point of contact. 


If the centre of the circle is situate on the axis of the parabola, then the four 
intersections are situate in pairs symmetrically in regard to this axis, and the curve 
has this axis for an axis of symmetry. 


If the circle has double contact with the parabola (which, of course, implies that 
the centre lies on the axis), then the curve has a node at each of the points of 
contact, viz., the curve breaks up into a line and circle intersecting at the two points 
of contact, and the circle has its centre at the focus of the parabola. 


If the circle has with the parabola a contact of the third order (this implies 
that the circle is the circle of maximum curvature, touching the parabola at its 
vertex), then the curve has a tacnode, viz., it breaks up into a line and circle touching 
each other and the parabola at the vertex, that is, the line is the tangent to the 
parabola at its vertex, and the circle is the circle having the focus of the parabola 
for its centre, and passing through the vertex, or what is the same thing, having its 
radius = 4 of the semi-latus rectum of the parabola. 


177. If the conic be a circle, then the curve is a bicircular quartic such that its 
four nodo-foci coincide together at the centre of the circle; viz, the curve is a 
Cartesian having the centre of the conic for its cuspo-focus, that is, for the intersection 
of the cuspidal tangents of the Cartesian. The intersections of the conic with the 
other circle, or say with the orthotomic circle, are a pair of non-axial foci of the 
Cartesian; viz, the antipoints of these are two of the axial foci. The third axial 
focus is the centre of the orthotomic circle. 
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Article No. 178. Case of Double Contact, Caseys Equation in the Problem of Tactions. 


178. In the case where the conic has double contact with the orthotomic circle, 
then (as we have seen) the envelope of the variable circle is a pair of circles, each 
touching the variable circle; or, if we start with three given circles and a conic 
through their centres, then the envelope is a pair of circles, each of them touching 
each of the three given circles; that is, we have a solution of the problem of 
tactions. Multiplying by 2, the equation found ante, No. 173, for the variable circle, 
and then for the moment representing it by (a, b, c, f, g, hýu, v, w)?=0; then 
attributing any signs at pleasure to the radicals Va, Vb, Vc, the equation of a conic 
through the centres of the given circles, and having double contact with the ortho- 
tomic circle, will be 


(a, b, C, f, g, hýu, v, wP — (u Va +v Vb a wN e} =0, 
viz., representing this equation as before by 


low + mwu + nw = 0, 
we have 


L:m:n=f—Vbe : g—Vea : h—Vab, 


that is, substituting for a, b, c, f, g, h their values, and taking, for instance, a, b, c 
=a’ V2, b” V2, c” V2, we find 
L:m:n= (b" —c’P~-(b-—c¥-(U-cp 
: (¢’ =a" — (e —ay (aY 
: (a” — b" PY — (a-b -— (a -Vy, 


that is, l m, n are as the squares of the tangential distances (direct) of the three 
circles taken in pairs, and this being so, the equation of a pair of circles touching 
each of the three given circles is VI2°+V¥mB°+VnO°=0. It is clear that, instead 
of taking the three direct tangential distances, we may take one direct tangential 
distance and two inverse tangential distances, viz. the tangential distances corresponding 
to any three centres of similitude which lie in a line; we have thus in all the 
equations of four pairs of circles, viz, of the eight circles which touch the three 
given circles. This is Casey’s theorem in the problem of tactions. 


Article No. 179. The Intersections of the Conic and Orthotomic Circle are a set of four 
Concyclic Foci. 


179. The conic of centres intersects the orthotomic circle in four points, and for 
each of these the radius of the variable circle is =0, that is, the points in question 
are a set'of four concyclic foci (A, B, C. D) of the curve. Regarding the foci as given, 
the circle which contains them is of course the orthotomic circle; and there are a 
singly infinite series of curves, viz., these correspond to the singly infinite series of 
conics which can be drawn through the given foci. As for a given curve there are 
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four sets of concyclic foci, there are four different constructions for the curve, viz., the 
orthotomic circle may be any one of the four circles O, R, S, T, which contain the four 
sets of concyclic foci respectively; and the conic of centres is a conic through the 
corresponding set of four concyclic foci. We have thus four conics, but the foci of each 
of them coincide with the nodo-foci of the curve, that is, the conics are confocal; that 
such confocal conics exist has been shown, ante, Nos. 78 to 80. 


Article Nos. 180 and 181. Remark as to the Construction of the Symmetrical Curve. 


180. It is to be observed that in applying as above the theorem of the variable 
zomal to the construction of a symmetrical curve, the orthotomic circle made use of 
was one of the circles R, S, 7, not the circle O, which is in this case the axis; in 
fact, we should then have the conic and the orthotomic circle each of them coinciding 
with the axis. And the variable circle, quà circle having its centre on the axis, cuts 
the axis at right angles whatever the radius may be; that is, the variable circle is 
no longer sufficiently determined by the theorem. The curve may nevertheless be 
constructed as the envelope of a variable circle having its centre on the axis; viz., 
writing W =(s — az} + y — a'z, &c., and starting with the form 


VIA + VmB° + Vn =0, 
then recurring to the demonstration of the theorem (ante, No. 47), the equation of 


the variable circle is al’ +b¥B°+c@°=0, where a, b, c are any quantities satisfying 
l m 


ane +==0, or, what is the same thing, taking q an arbitrary parameter, and writing 
t 1+4q, p= l—q, “= 2, the equation of the variable circle is 

A iP aae BY — dn? <0 

1l+q 1-g ae 


Compare Nos. 118—123 for the like mode of construction of a conic; but it is proper 
to consider this in a somewhat different form. 


181. Assume that the equation of the variable circle is 


D= (æ — dz +y -de= 0; 
we have therefore identically 
aA + bB° +c +dD° =0, 
viz., this gives 
a +b +c =-d, 


aa +bb +cc=—dd, 
a (a? — a”) + b (b — b”) + c (e — c”) = —d (d?-—d), 
and from these equations we obtain a, b, c equal respectively to given multiples of d ; 


substituting these values in the equation A +7 =0, d divides out, and we have an 
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equation involving the parameters of the given circles, and also d, d”, the parameters of 
the variable circle; viz, an equation determining d”, the radius of the variable circle, 
in terms of d, the coordinate of its centre. I consider in particular the case where 
the given circles are points; that is, where the given equation is 
VIA + VmB + Vn = 0. 
The equations here are 

a +b +c =-—d, 

aa +bb +cc=— dd, 

aa? + bb? + cc? = — d (d? —d’”), 
and from these we obtain 
a(a—b)(a—c)=—d ((d—b) (d—c) —d’”) 
b (b-c)(b—a)=—d ((d—c) (d — a) —d”) 
e (c =a) (c = b)=- d ((d - a) (d—-b)- d”), 


Sore 
so that the equation i T + = 0 becomes 


_ l(a—b) (a—c) m (b — c) (b — a) n (c — a) (c — b) 


(d—b)(d—c)—d” + (d—c) (d— a)—d” T (d—a) (d— b)— qd 0, 


or, as this is more conveniently written, 


l AEA NS EA e AJARA 7 i n Si a R Eeo S 
b—c (d—b)(d—c)—d” ¢—a (d—c)(d—a)—d"* a—b d—a)(d—b)—-a" i 


viz., considering d, d” as the abscissa and ordinate of a point on a curve, and repre- 
senting them by æ, y respectively, the equation of this curve is 


PLS TTF: ae. Leeman. win aes Ea hs he Baan ude tas =0 
b—c (a—b)(«@-c)-y*? c-a (w—c)(w—a)-y® c—a (w—a)(a—b)-Y 
which is a certain quartic curve; and we have the original curve 

VIA + VmB + Vn€ = 0, 
as the envelope of a variable circle having for its diameter the double ordinate of 
this quartic curve. 


oak “ a? —=L, M, N respectively, then the equation 


of the quartic curve may be written 


SL [(@— a)? (a — b)(@—c) — y’ (x — a) (22 —b—c) + y] =9, 


Write for shortness i 


viz., this is 
ZL [x(x — a) (æ — b) (a — c) 
— 4? (2a — (a +b + c)s + (ab + ac + be)) + y* 
— a (x — a) (x — b) (x — c) + 4? (aw + be)] = 0, 
© VL 69 
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or what is the same thing, the equation is 
(L+M+N) [a (a— a) (s — b) (@—c) — y (2a? — (a +b+ c) x +ab + ac+ be) +y] 
— (La + Mb + Ne) (æ — a) (a — b) (£ — c) 
+4? (La + Mb + Ne) s + Lbe+ Mca + Nab} = 0. 
In the particular case where L+ M+ N=0, that is, where 


l m n 
Era aap te 


the quartic curve becomes a cubic, viz., putting for shortness 


_ Lbe + Mca + Nab 
ILAE MI ENG 


the equation of the cubic is 


PPE ml. EA 


æ— ò ; 


viz., this is a cubic curve having three real asymptotes, and a diameter at right 
angles to one of the asymptotes, and at the inclinations + 45°, — 45° to the other 
two asymptotes respectively—say that it is a “rectangular” cubic. The relation 

l m n 
b-et c-ata-b 
we have thus the theorem that the envelope of a variable circle having for diameter 
the double ordinate of a rectangular cubic is a Cartesian. 


+ =0 implies that the curve VI%+VmB8+Vn€=0 is a Cartesian, and 


I remark that using a particular oiigin, and writing the equation of the rectangular 


cubic in the form 4? =a? —2mx + a+ a , the equation of the variable circle is 


(ody + yp =t- Imd-+ attt ; 


that is 


+? —a— 2d (@—m)— 4 =0, 


where d is the variable parameter. Forming the derived equation in regard to d, we 
have \ 


A 
-m =E , 
and thence 
et ypoa=e, 
2 
(+y -— a’ = to =16A (x —m), 


that is, the equation of the envelope is (a+y*?—a)?}=16A (ew—m)=0, which is a 
known form of the equation of a Cartesian. 
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Article Nos. 182 and 183. Focal Formule for the General Curve. 


182. Considering any three circles centres A, B, C, and taking 2°, &c., to denote 
as usual, let the equation of the curve be 


VIW + VMB? +Vn& =0; 
then considering a fourth circle, centre D, a position of the variable circle, and having 
therefore the same orthotomic circle with the given circles, so that as before 


ad? + bB° + cC + dD° =0, 


the formule No. 47 (changing only U, V, W, T into 2°, B°, ©, D°) are at once 
applicable to express the equation of the curve in terms of any three of the four circles 


A, BG, D: i 


In particular, the circles may reduce themselves to the four points A, B, C, D, a 
set of concyclic foci, and here, the equation being originally given in the form 


VIM + VmB + Vn =0, 


the same formule are applicable to express the equation in terms of any three of 
the four foci. 


183. It is to be observed that in this case if the positions of the four foci are 
given by means of the circular coordinates (a, 1), &c., which refer to the centre of 


the circle ABCD as origin, and with the radius of this circle taken as unity, then 
the values of a, b, c, d (ante, No. 90), are given in the form adapted to the formule 
of No. 49, viz., we have 


a:b:e: d=a(Byd) : — B (ysa) : y(SaB) : — è (ay), 
where (@y5)=(8 —y)(y—è)(è— 8), &c. The relation : 4. E + = =0, putting therein 
l: m: n=pa(ß— yF : cB(y—4) : ry(a— BF, (or, what is the same thing, taking the 
equation of the curve to be given in the form (@—-y)Vpa%l + (y — a) Va BB +(a—B)V TyC = 0), 
becomes 

p(B — y) (a — 8) + o (y —a) (B — è) + T (a — 8) (y — è) =9, 


viz., this equation, considering p, c, 7, a, 8, y as given, determines the position of the 
fourth focus D, or when A, B, C, D are given, it is the relation which must exist 
between p, o, T; and the four forms of the equation are 


(  . 5 VFS), Vo(B-8), Vp (y—B) )(Vadl, VBB, Vy, VED) = 0, 
ie 8), .  , Xp(8—a), Vo(a—y) | 
'Vo(8-8), Vp(a—8),  . , Vr(B—a)| 
vp (B-y) Ve(y-a), Ve(a-8, «| 
viz. the curve is represented by means of any one of these four equations involving 


each of them three out of the four given foci A, B, C, D. 
69—2 
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Article Nos. 184 and 185. Case of the Circular Cubic. 


184, In the case of a circular cubic, we must have 


p(B — y) (a — ò) + a (y — a) (B — è) + 7 (a — B) (y - è) = 0, 

Vap (B — y) +VBo(y—@) +vyr(a-ß) =0, 
which, when the foci A, B, C, D are given, determine the values of p : o : r in order 
that the curve may be a circular cubic. We see at once that there are two sets of 


values, and consequently two circular cubics having each of them the given points 
A, B, C, D for a set of concyclic foci. The two systems may be written 


Jp : Vek Spas By MBbo Vou : Veh NaS, 
viz., it being understood that Vað means Va.V8, &c., then, according as V has one 
or other of its two opposite values, we have one or other of the two systems of 
values of p: ao: 7. To verify this, observe that writing the equation under the form 
Nap : VBo : Vyr=aVd—VaBy : BVS—VaBy : yVb—VaBy, 
the second equation is verified; and that writing them under the form 
p:a0:7T=—-(B+y)(a+8)4+M : —(y+a)(8+8)4HM : —(a+8)ly+8)+ M, 


where mike 
M = By + aò + ya + BÒ + aß + yò — WaBy85, 


the second equation is also verified. 
185. If we assume for a moment a=cosa+isina=e™, &c., viz, if a, b, c, d be 
the inclinations to any fixed line of the radii through A, B, C, D respectively, then we 


have 
Vad +7 Bry = Biathtetai fetiatd—b—ot 4 g-tatd—b—c)i} 


Va (B — y) =e at+btoi fehb—oi — gł b—oi k 
and thence 
Vap (B — y) : VBo(y—a) : Vyr (a- 8) = cos 4 (a +d—b —c)sin 4 (b — c) 
: cos4 (b +d — c — a) sin 4 (c — a) 
: cos ł (c +d — a -— b) sin 4 (a — b); 


or else 
= sin4(a+d-—b-—c)sin $ (b-c) 


: sin 4 (b +d—c —a)sin} (c — a) 
: sin 4 (c +d — a — b) sin 4 (a — b). 


Putting in these formulæ, 
ł(a—b-—c)=A, then we have B-C =4(b-—c), 
ł (b —c -a)=B, 7 C—A=4(c—a), 
ł (c —a—b)=C, f; A-Bz=}(a-b), 
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and for either set of values the verification of the relation 


Vap (B—y)+V Bo (y—a) + Vyr(a- 8)=0, 
will depend on the two identical equations 
sin A sin (B — C) + sin B sin (C — A) + sin C sin (A — B) = 0, 
cos A sin (B — C) + cos B sin (C — A) + cos O sin (A — B)=0: 


although the foregoing solution for the case of a circular cubic is the most elegant 
one, I will presently return to the question and give the solution in a different form. 


Article No. 186. Focal Formule for the Symmetrical Curve. 


186. In the symmetrical case, where the foci A, B, C, D are on a line, then if, 
as usual, a, b, c, d denote the distances from a fixed point, we have the expressions 
of (a, b, c, d) in a form adapted to the formule of No. 49, viz., 


a:b:c:d=(b—c)(c—d)(d—b) : —(c—d)(d—a)(a—c): (d—a)(a—b)(b—d) : —(a—b)(b—c)(c—a), 
so that, assuming 
L:m:n=p(b—c?: c(c—a)?: r(a—by, 
the equation 
+) +2=0, 
c 


vis 


becomes 
p(b—c)(a—d)+a(c—a)(b—d)+7(a—b)(c—d)=90, 


and the equation of the curve may be presented under any one of the four forms 
( . , “r(d—c), Ve(b—d), Vp(c—b) ) (VA, VB, VE, VD) =0. 
~r (c — d), .  ; Mp(d—a), Ve(a—c) 
Vo(d—b), ~p (a-d), EL r E 
| Vp (b — c), Vo (c —a), ~r (a-b), 


Article No. 187. Case of the Symmetrical Circular Cubic. 
187. For a circular cubic we must have 
p (b— c) (a — d) + a (c — a) (b — d) + 7 (a — b) (c — d) = 0, 
Vp (b—c) +%Vo(c—a) +r (a—b) = 0. 


These equations give Vp: Vo: Vr=1:1: 1 (values which obviously satisfy the two 
equations), or else 


Vp: Va: Vp=a+d—b—c: b+d—-c-—a: c+d—a-—b. 
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In fact, these values obviously satisfy the second equation; and to see that they 
satisfy the first equation, we have only to write them under the form 


p:o:7T=M-—4(b+c)(a+d): M—4(c+a)(b+d) : M—4(a+b)(c+d), 
where M=(a+b+c+d). The first set gives for the curve 
(b—c) VX + (c-a) VB + (a-b) vC =O, 


but this contains the line z=0 not once only, but twice; it in fact is (y? =0), the 
axis taken twice; the only proper cubic with the foci A, B, C, D in lined is therefore 


(b—c)(at+d—b—c)V% + (c—a)(b+d—c—a)VB+(a—b)(c+d-—a—b)VE=0, 


the equation of which is, of course, expressible in each of the other three forms. 


Article Nos. 188 to 192. Case of the General Circular Cubit. 


188. Returning to the general case of the circular cubic, the lines BC, AD meet 
in R, and if we denote by œ, bh, ©, d, the distances from R of the four points 
respectively, so that b,c,=a,d,=rad.*h, then observing that a, b, c, d are proportional 
to the triangles BCD, CDA, DAB, ABC, with signs such that a+b+c+d=0, we find 


a: b:c:d=-—d (b-c): a(a—d,) : —b(a— d) : a (b-a); 


i r l = — -= . 
and this being so, the equations : + p+ `z 0, Vl+Vm+vn=0, give two systems of 


values of VI : Vm : Vn, viz., these are 


V1 : Vm a Vn=b,—-¢, : Gi — Ay > a, — b,, 
and 
=b,—¢, > C + : —a,—)b,. 


(To verify this, observe that for the first set we have 
l m n : (b, -aF (à — a) (a, — bF 


m PAIT R ETI E TAS ATTAN 


b, mai Cy 1 a? a,? 
in +2 (at ki +B), 


and the like as regards the second set.) 
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189. These values of VĮ : Vm: Vn give the equations of the two circular cubics 
with the foci (A, B, ©, D), the equation of each of them under a fourfold form, 
viz., we have 


( . > d, = io b, a d,, ie b, ) (vA, VP, VG, Vd) == 
c= d,, . ? d —-H, -G 
d— b, a—d,, > » b = (first curve), 


b-c, Q—-m%, @— hb, 


and 
( . a me =- d, d +b, —b, +0 \ (VA, VB, V6, VvD)=0 
d+c, . > a, — d, Ge 
a e A EA ac | ee (second curve). 


b-a, à+, —a-—-)b, 


190. Similarly CA and BD meet in S, and if we denote by œ, bz, C», d} the 
distances from S of the four points respectively, so that c,a,=b,d,=rad.*S (observe 
that if as usual A, B, C, D are taken in order on the circle 0, then A, C are on 
opposite sides of S, and similarly B, D are on opposite sides of S, so that taking 
(tz, b, positive c», d, will be negative), we have 


a: b: c: d=c,(b— d) : da (C2— a) : — d: (ba — da) : — ba (Cz — a2), 


and then the equations an T + = =0, Vl+V¥m+%Vn=0, are satisfied by the two sets 
of values : A k 

NI : Vm : Nn= b= : Gth : t — be, 
and 


=—b,— C : Ca— M : +h, 


and we have the equations of the same two cubic curves, each equation under a 
fourfold form, viz., these are 


( TR =C + də, — d; + bz, —b, +e (va, VB, VG, VD)=0 
| Se ieee | 
| Co — d, aa, roe 2 — M2, Co + Ay 
| — b: +d, da — də, A 5 E E (first curve), 
| 


ba — Co, Co — Qe, d — bz, . 
and 


( R ’ C, +d, —d,+b,, -b -0 \ (VA, V$, VG, VD) =0 


—d,— Cz, . , dy + dz, a Mag 
—b,+d., -d — Q, TA dy +b, | (second curve). 
bbt, Ott, —a@—b,, . i 


191. And again AB and CD meet in T, and denoting by as, bs ¢, d, the 
distances from T of the four points respectively, so that ab; = c,d, = rad. °T, we have 


a: b: c: d= b(c— d) : — a (cs — d) : — d; (äs — bs) : Cs (as — bs); 
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and the equations : + $ y = =0, Vl+V¥m+Vn=0, then give for Vl, Vm, Vn two sets 
of values, viz., these are 
~T : Vm : Nn =b -6 : C3 — As : ts — bs, 


and 
=b; +C; : — Cs — 3 : as— bz; 


and we again obtain the equations of the two cubics, each equation under a fourfold 
form, viz., these are 


( . 5 —@ E E A SER E TCE EE E EG 


— d; +63, : , —a,+ds, 3 — Cz 
— b; + dz, — d; + Qz, ` , bs — as 
bs — Cs, C3 — M3, a; — bz, 


and 


( . ’ C33-~ ds, d; r bs jart O = bs \ (vA, VB, VG, VD) = 0. 


d; — C3, <., — a — d, As + C3 
— b; —d;, d; +s, . ? bs — ds 
| bs + €s, — C3 — a3, a; — bz, 


192. The three systems have been obtained independently, but they may of 
course be derived each from any other of them: to show how this is, recollecting that 


we have 


RA, RB, RC, RD=a, b,, ĉi, d, 
SA, SB, SC, SD =a, ii a 
TA; TB, TC, TD = as, bs, C3, ds; 
then to compare 
(a, bis C, di) and (az, by, Ca, da) ; 
the similar triangles 
SBC give b-a :—0: : b, 
SAD =a, —d, : — d; : dy, 
and the similar triangles 


RAO give Tta T T a T d, 
RBD =b-d: d: b; 


using these equations to determine the ratios of as, bz, C», d, we have 


earl T p OE dia an dic — Cib + ¢,d, = 0; 
that is 
s dy — dh TE a,—d,) _ 
a ea ard te] siden! 9 a t=: 
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and hence 
j b, (- be, + 2 + a,d, — d?) +C (- bd, + c,d, + a,¢,— cadi) =0, 
that is 
b: (¢,? — d?) + c: (%6 — b,d,) = 0, 
but 


a,c, —b,d, = A (c,? = d,), 


b, tin C 
a—d dy Qs 


or the equation gives b+ om 0, or say b,:c,=b,:—d,, and this with 
gives all the ratios, or we have 

A : by : C : d,=b,(a,—d,) : bi (b — c) : —d, (a,—d,) : — d, (bi — 0). 
We have then for example 

ba— Ca : Co — Ay: Qa — b =b G t G—a : had; &e,, 


showing the identity of the forms in (œ, b, &, d) and (ds, bz, C2, da). 


Article No. 193. Transformation to a New Set of Concyclic Foci, 
193. Consider the equation 
VIN + VmB + Vn€ = 0, 


which refers to the foci A, B, C, and taking D the fourth concyclic focus, let (A,, D,) 
be the antipoints of (A, D) and (B,, C,) the antipoints of (B, C); so that (A,, B,, G,, D.) 
are another set of concyclic foci. We have %,.6,=%.6, and it appears, ante No. 104, 
that we can find h, m, m, such that identically 


= 12 +m +n =—1,%, +m,B, afe me, 
and that mn =mn. The equation of the curve gives 


— IA +mB +n€ +2VmnBE =0, 
we have therefore 
— LA, +m, B, +7, 6 + 2 Vm n,B,G, = 0, 
that is, 
VLI, + Vm B, + VE, = 0, 


viz, this is the equation of the curve expressed in terms of the concyclic foci 
AS ADES 
Article No. 194. The Tetrazomal Curve, Decomposable or Indecomposable. 
194. I consider the tetrazoma] curve 
VIA + VmB° + Vne + VpD° =0, 
where the zomals are circles described about any given points A, B, C, D as ie 
C: Vi 0 
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There is not, in general, any identical equation a° + b¥B° +c@°+dD°=0, but 
when such relation exists, and when we have also 244 Py Bao, then the curve 
breaks up into two trizomals. When the conditions in question do not subsist, the 
curve is indecomposable. But there may exist between l, m, n, p relations in virtue 
of which a branch or branches ideally contain (z*= 0) the line infinity a certain number 
of times, and which thus cause a depression in the order of the curve. The several 


eases are as follows: 


Article No. 195. Cases of the Indecomposable Curve. 


195. I. The general case; l, m, n, p not subjected to any condition. The curve 
is here of the order =8; it has a quadruple point at each of the points J, J (and 
there is consequently no other point at infinity); it is touched four times by each of 
the circles A, B, ©, D; and it has six nodes, viz., these are the intersections of the 


pairs of circles ic, Wi 
VmB° +n =0, VIM + VpD° =p; 

Nne +W =0, VmB° +VpD° =0, 

VAP +V¥mB°=0, Vne +VpdD°=0; 

the number of dps. is 6+2.6, =18, and there are no cusps, hence the class is = 20, 
and the deficiency is = 3. 

II. We may have ree aE rite ad 
Vl+Vm+Vn+Vp =0; 

there is in this case a single branch ideally containing (2=0) the line infinity; the 
order is =7. Each of the points J, J is a triple point, there is consequently one other 


point at infinity; viz. this is a real point, or the curve has a real asymptote. There 
are 6 nodes as before; dps. are 6+2.3, =12; class= 18, deficiency = 3. 


III. We may have 
vl+V¥m=0, Vn+vVp=0; 


there are then two branches each ideally containing (z=0) the line infinity; the order 
is =6. Each of the points 7, J is a double point, and there are therefore two more 
points at infinity. These may be real or imaginary; viz, the curve may have 
(besides the asymptotes at J, J) two real or imaginary asymptotes. The circles 
VIA +V¥mB = 0, Vn€ + VpD =0, each contain (¢=0) the line infinity, or they reduce 
themselves to two lines, so that in place of two nodes we have a single node at the 
intersection of these lines; number of nedes is =5. Hence dps. are 54+2.1, =7. Class 


= 16, deficiency =3. 


IV. We may have 
VL: V¥m:Vn:Vp=a:b:e:d: 
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there is here a single branch containing (2?=0) the line infinity twice; the order is 
=6. Each of the points J, J is a double point, and there are therefore two more 
points at infinity, that is (besides the asymptotes at J, J), there are two (real or 
imaginary) asymptotes. The number of nodes, as in the general case, is =6. Hence 
dps. are 6+ 2.1, =8; class is =14; deficiency = 2. 


I notice the included particular case where the circles reduce themselves to their 
centres; viz, we have here the curve 


aV%+bVB4+cVE+dVD=0, 


which (see ante No. 93) is in fact the curve which is the locus of the foci of the 
conics which pass through the four points A, B, C, D. It is at present assumed that 
the four points are not a circle; this case will be considered post No. 199. If we 
have BC, AD meeting in R; CA, BD in S, and AB, CD in T, then these points 
R, S, T are three of the six nodes. In fact, writing down the equations of the two 
circles 


bVB+evE=0, av%+dVvD=0, 


and observing that when the current point is taken at R, we have B : C=RB°: RC 
=(BADY : (CAD) =c? : b, and similarly A : D = RA? : RD?=(ABCY: (DBO =e : a’, 
we see that each of the two circles passes through the point R, or this point is a 
node. Similarly, the points S and 7 are each of them a node. 


MS 38 ; 
VL =Vm=Vn="p, 
there are here three branches, each ideally containing (z=0) the line infinity; the 
order is thus =5. Each of the points J, J is an ordinary point on the curve; there 
are besides at infinity three points, all real, or one real and two imaginary; that is 
(besides the asymptotes at J, J) there are three asymptotes, all real, or one real and 
two imaginary. Each of the circles VA +v®8=0, &c., contains the line infinity, and is 
thus reduced to a line; the number of nodes is therefore =3. Hence also, dps. = 3; 
class = 14; deficiency =3. 


Article No. 196. Cases of the Indecomposable Curve, the Centres being in a Line. 


196. There are some peculiarities in the case where the centres A, B, C, D are 
on a line; taking as usual (a, b, c, d) for the a-coordinates or distances of the four 
centres from a fixed point on the line, I enumerate the cases as follows: 


I. No relation between J, m, n, p; corresponds to I. supra. 
II. Vl+Vm+Vn+Vp=0; corresponds to II. supra. 


Ill. Vi+Vm=0, Vn+Vp=0; corresponds to III. supra. 
70—2 
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IV. Vi+V¥m+vVn+Vp=0, avl+bVm+cevn+dVp=0; corresponds to IV. supra, 
viz., there is a branch ideally containing (2?=0) the line infinity twice. But, observe 
that whereas in IV. supra, in order that this might be so, it was necessary to impose 
on l, m, n, p three conditions giving the definite systems of values Vl : Vm: Vn : Vp 
=a:b:c:d,in the present case only two conditions are imposed, so that a single 
arbitrary parameter is left. 

V. Vli=Vm=Vn=Vp; corresponds to V. supra. 

VI. vVi+Vm=0, Vn +p =0, avl+bV¥m+evVvn+d Vp =0, or what is the 
same thing, Vl: Vm : Vn : Vp=c—d:d—c:b-a:a—b; the equation is thus 
(c — d) vA — VB°) — (a — b) (VA — VB°) = 0. There is here one branch ideally containing 
{z2=0) the line infinity twice, and another branch ideally containing (¢=0) the line 
infinity once; order is =5. Each of the points J, J is an ordinary point on the 
curve, the remaining points at infinity are a node (W =°, © =°), as presently 
mentioned, counting as three points, viz., one branch has for its tangent the line 
infinity, and the other branch has for its tangent a line perpendicular to the axis; 
or what is the same thing, there is a hyperbolic branch having an asymptote perpen- 
dicular to the axis, and a parabolic branch ultimately perpendicular to the axis. The 
number of nodes is =5, viz., there is the node W° =°, © =D° just referred to; and 


the two pairs of nodes ((c—d) VW —(a—b) VE’ =0, —(c—d) VB° +(a—b) VD° =0) and 
(c—d) VX + (a-b) VD =0, (c—d) VB° + (a—b) VE’ = 0), each pair symmetrically situate 
in regard to the axis. Hence also dps.=5; class=10; deficiency =1. 


And there is apparently a seventh case, which, however, I exclude from the present 
investigation, viz., this would be if we had 


(1, 1, 1, 1, )(V1, Vm, Vn, Vp)=0, 
ee oe a Aha 
BE ELA AO, 
oe, oo. \a" 
that is, a, b, c, d denoting as before, if we had 
VL: ym : yn : V¥p=a:b:c:d, and aa?+bb”"+cc%+dd?=0. 
For observe that in this case we have \ 


al’ + bB° +c@°+dD°=0, and $y oP 29, 
ee O44 


that is, the supposition in question belongs to the decomposable case. 


Article No. 197. The Decomposable Curve. 


197. We have next to consider the decomposable case, viz, when we have 


all? + bB° +c + dD°=0; 
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see ante, Nos. 87 et seg.—it there appears that (unless the centres A, B, ©, D are in 
a line) the condition signifies that the four circles have a common orthotomic circle; 


and when we have also 
tim 2 2 
r + E F m F A (i 
The formule for the decomposition are given ante, Nos. 42 et seg. Writing therein 


AW, B, ©, D° in place of U, V, W, T respectively, it thereby appears that the tetra- 
zomal curve VI2°+VmB° + Vn€° + VpD° =0, breaks up into the two trizomal curves 


VLU + Vm,B° + Vw = 0, 


VLU + Vm B? + Vm? = 0, 


where 
Mi, anv] 45 = VE eee SS Be 
1 4 d Jj’ = Ta H 
Jinen- Bova, Vina mt a/ h Bb Vin 
Vin, =n +a/ č Be vm, ig =n — 4/2 Bo in, 
and where we have 
Lm mh l, | My | Me 
eb cne trie boo 


Article Nos. 198 to 203. Cases of the Decomposable Curve, Centres not in a line. 
198. I assume, in the first instance, that the centres of the circles are not in a 
line; we have the following cases: 


I. No further relation between l, m, n, p; the order of the tetrazomal is =8; 
the order of each of the trizomals is =4, that is each of them js a bicircular quartic. 


II. Vi+V¥m+Vn+Vp=0; the order of the tetrazomal is =7, that of one of 
the trizomals must be =3. 


To verify this, observe that we have 
A ate i =i re ay Eda - 
V+ Vin, +i =Vb+ Vint Vnt+ 57 + VI bog C ¥™ — bvn), 


or substituting for VL+ Vm +n the value — Vp, this is 


and similarly for Vi,+”m,+%n,, the only change being in the sign of the radical 


ad 


be’ But from the two conditions satisfied by l, m, n, p it is easy to deduce 


(avp -a vip- (em —b Vn} =0, 
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and hence one or other of the two functions 
VG + Vim, +m, Vla +m, +n, is =0; 
that is, one of the trizomal curves is a cubic. 


III. Vvi+Vp=0, Vm+%Vn=0; order of the tetrazomal is =6; and hence order 
of each of the trizomals is =3. To verify this, observe that here 


ren Per 
(ata) teta) 
which since a+b+c+d=0, gives as so that, properly fixing the sign of the 


be’ 
radical, we may write Vl + vee = Vm=0. We have then 


vi=*t uf Vin, ti =a otom: 


which last equation, using af to denote as above, but properly selecting the signi- 


fication of +, may be written 
b+ ad ,— 
Vm, +m = + LS = - Vm. 


Hence 


V1, F (Vm, + Viny=* farai (b+ 0),/ 24 Via} 


viz, Vl, #(Wm,+%m,) with a properly selected signification of the sign F 
similarly V1, F (Vm, +m) with a properly selected signification of the sign F is =0; 
that is, each of the trizomals is a cubic. 


is =0; and 


199. IV. Vi:Vm:vn: Vp=a:b:e:d (values which, be it observed, satisfy 


\ 
of themselves the above assumed equation aa i +- "+= 0); the order of the tetra- 


zomal is =6; and the order of each of hy trizomals is here again =3. We in fact 
have Vi=a+d, Vm+Vn,=b+e, and therefore Vl +m +n =0; and similarly 
V1,+Vm,+Vn,=0; that is, each of the trizomals is a cubic. 


I attend, in particular, to the case where the four circles reduce themselves to 
the points A, B, C, D; these four points are then in a circle; and the curve under 
consideration is 


aV%+bVB+eVvC+dVvH =0; 
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in the general case where the points A, B, C, D are not on a circle, this is, as has 
been seen, a sextic curve, the locus of the foci of the conics which pass through 
the four given points; in the case where the points are in a circle then the sextic 
breaks up into two cubics (viz, observing that the curve under consideration is 
VIN + VmB+Vn€+VpD=0, where Vi: Vm: Vn: Vp=a:b:c¢: d, these values do 
of themselves satisfy the condition of decomposability v4 Tiit Bo), that is, the 
locus of the foci of the conics which pass through four points on a circle is composed 
of two circular cubics, each of them having the four points for a set of concyclic 
foci. It is easy to see why the sextic, thus defined as a locus of foci, must break 
up into two cubics; in fact, as we have seen, the conics which pass through the four 
concyclic points A, B, C, D have their axes in two fixed directions; there is con- 
sequently a locus of the foci situate on the axes which are in one of the fixed 
directions, and a separate locus of the foci situate on the axes which lie in the other 
of the fixed directions; viz., each of these loci is a circular cubic. 


200. Adopting the notation of No. 188, or writing 
RA =d, RB=6,, WE =0 RD=d,, 
(and therefore bic = md) we have 
a:b:c: d=—d,(b,-—¢) a (ah) : —b(aq—d,) : t (be). 


Moreover E ` 
Vl, =a+d , Vl =a +d, 


vi b 4/4, Haren agp tet 
a. a 


Ein hee. Nag r 
a a 
and we have 


aed = (a = d’ uan =a?(q— d,)’, pfs ran (a aa dı) suppose ; 
1 


iT 


and thence r 
Vl, =(a—d,)(b,-G), Vb =(@-dh)( b-c) 
Vm = (a — ch) (4, -a) Vig =(4—h)( à+) 
Vn, = (a, — d,) (a, = b,), Vn, = (a, = d,) (- a — b,), 
that is 


Vl:V¥m:V¥m=b-G4:4q-q%: G—h, 
Vl, : Nm, : Nm=b -G : tq: -Q—b, 
agreeing with the formulæ No. 188. 
The tetrazomal curve 


— d,(b; —¢,) VU +a (a — d,) VB —b, (m-dn) 
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is thus decomposed into the two trizomals 
(b-a) vA + (¢, — a) VB + (a, — b) v= 0, 
(bi — c) VA + (a + a) VB — (a, + b,) VE =0. 


201. Observe that the tetrazomal equation is a consequence of either of the 
trizomal equations; taking for instance the first trizomal equation, this gives the 
tetrazomal equation, and consequently any combination of the trizomal equation and 
the tetrazomal equation is satisfied if only the trizomal equation is satisfied. Multiply 
the trizomal equation by —a,+d, and add it to the tetrazomal equation; the resulting 
equation contains the factor œ, and omitting this, it is 


(b — a) (VA +D) + (a —d,) (VB-VE) =0, 


where observe that b,—c, is the distance BC, and a,—d, the distance AD. But in 
like manner multiplying the second trizomal equation by —a,+d,, and adding it to 
the original tetrazomal equation, the resulting equation, omitting the factor a, is 


(b-a) (—V¥U+VD)—-(q—d,) (VB-VO)=0; 


viz., it is in fact the same tetrazomal equation as was obtained by means of the first 
trizomal equation. 


The new tetrazomal equation, say 
(a-a) (—V%+ VD) + (n-d) (VB - VG) = 0, 


is thus equivalent to the original tetrazomal equation; observe that it is an equation 
of the form VIM +VmB+VnE+VpD =0, where 


Vvl=—(h-«), Vm=a,—d,, Vn=(4—-d), Vp=b-4, 


and where consequently ¥Vi+Vp=0, Vm+Vn=0, that is an equation of the form 
(198) lII., decomposable, as it should be, into the equations of two circular cubics. 
Writing 

—VH+VD_ VB-VE_ 


a, — dı ie b-a 6, 


where @ is an arbitrary parameter, the curve is obtained as the locus of the inter- 
sections of two similar conics having respectively the foci (A, D) and the foci (B, C) 
(see Salmon, Higher Plane Curves, p. 174): whence we have the theorem, that if 
A, B, C, D are any four points on a circle, the two circular cubics which are the 
locus of the foci of the conics which pass through the four points A, B, O, D, are 
also the locus of the intersections of the similar conics, which have for their foci 
(A, D) and (B, C) respectively; and of the similar conics with the foci (B, D) and 
(C, A) respectively; and of the similar conics with the foci (C, D) and (A, B) respectively. 


202. V. Vi=Vvm=Vn="p. The order of the tetrazomal is =5, whence those 
of the trizomals should be =3 and =2 respectively. To verify this observe that the 
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equation Fp Ry Bao gives DE bt 0, and combining with a+b+c+d=0, 
these are only satisfied by one of the systems (a+b=0, c+d=0), (a+c=0, b+d=0), 


(a+d=0, b+c=0). Selecting to fix the ideas the first of these, or writing 


(a, b, c; d)=(a, —a, | c, — c), 
so that we have identically 
a (4° — B°)+¢(0° — D°) =0, 


an equation which signifies that the radical axis of the circles A, B is also the 


; A i J sad a p make al 
radical axis of the circles C, D; then, writing as we may do, ree ; (= 3) T 
we have 

vi, = 17, Vi ial? 
— a — a 
Vm =1+-, Vim, =1—=, 


Vn, =1+1, =2, Vn, =1-1, =0. 


Here Vi,+Vm,—Vn,=0, which gives one of the trizomals a cubic, viz., this is the 
trizomal 


(1-2) Var +(1 +2) V8 +2 vE =0. 


The other trizomal reduces itself to the bizomal V%°+V8°=0, which regarded as a 
trizomal, or written under the form (VI + VB°)y?=0, is the line 2°—B°=0 twice, viz., 
this is the radical axis of the circles A,, B, twice; and the order is thus =2. By 
what precedes, the line in question is in fact the common radical axis of the circles 
A, B and of the circles C, D. 


Article Nos. 203 to 205. Cases of the Decomposable Curve, the Centres in a Line. 


203. We have yet to consider the decomposable case when the centres A, B, C, D 
are on a line; the equation al°+b¥B°+c6°+dD°=0 here subsists universally, what- 
ever be the radii a”, b”, c”, d”. We establish as before the relation ! +7 4+-4+5=0. 
The cases are as follows: 


I. No further relation between l, m, n, p; order of tetrazomal = 8, of trizomals 
4 and 4. 


H vie Vm+Vn+Vp=0 ; order of tetrazomal =7; of trizomals =4 and 3; same 
as II. supra. 


Ill. Vi+ Vp = 0, Vm+Vn=0; order of tetrazomal =6; of trizomals 3 and 3; 
same as III. supra. 
C. VI. 71 
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204. IV. Vit+Vm+vn+Vp=0, avli+bV¥m+ceVvn+dVp=0; order of tetrazomal 
=6; this is a remarkable case, the orders of the trizomals are either 3, 3 or else 4, 2. 


To explain how this is, it is to be noticed that in the absence of any special 


relation between the radii, the above conditions combined with z +e eth =( give 


Ni: V¥m:Vn:Vp=a:b:c¢:d(); when J, m, n, p have these values, the case is 
the same as IV. supra, and the orders of the trizomals are 3, 3. But if the radii 
of the circles satisfy the condition 


a, b2 D d2 
a”, b”? e”, d’” 


then the two conditions satisfy of themselves the remaining condition — - +f =), 


and the ratios V1: Vm : Vn : Vp instead of being determinate as above, depend on an 
arbitrary parameter. 


We have = et 
Vi=Ni48 2, Vimavm—a/ Bova, Van= nt VERTA 
and between l, m, n, p only the relations 
vt+Vm+Vnt+Vp=0. avl+bVm+evnt dVp=0. 
We find first 
Vl +m + Vn, =l +m +n 


4 Mp fs TEN (b Va — evn) 


NP (lca lip fe Biel shee enti 
=- Y? fi avt—anlp)—a/E Ova evm), 


1 Writing x, y?, z*, w? in place of Vi, Vm, Vn, Vp, we have to find x, y, z, w from the conditions 
æ + y+ z+ w=0, 
ax +by +cz +dw=0, 


ay? 2 w 
at ph, gee 


where the constants are connected by the relation 
aa +bb +ce +dd =0. 


It readily appears that the line represented by the first two equations touches the quadric surface in the point 
£:y:z:w=a:b:c:d, so that these are in general the only values of Ji:Nin:Nn: Vp. In the case next 
referred to in the text the line lies in the surface, and the values are not determined. 
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and then 
(d—a) Vl =(b —d)Vm+(c —d) Vn, 


(d—a) Vp =(a—b) Vm +(a—c) Va, 
whence 

dvl—avp= Fae (b Vn —e Vm), 
and we have thus 


fied +m (ane — 1) Ova- evm); 


and similarly ; 
Wiha e pig AAE 
3 avi \d-a V bes j 
(observe that in the case not under consideration bV¥n—cVm=0, and therefore 
Vl +m +m = 0, Vl, + Vm, + Vm, = 0). 


In the present case we have 
a:b:c:d =(b—c)(e—d)(d—b) : — (c — d) (d — a) (a—c) : (d—a)(a—b)(b—d) : —(a—b)(b—c)(c—a), 
and thence 


ad _(b-—c/) 
be (d—a)?’ 


so that only one of the two sums Vl +m, +m, Vi +m, +n, is =0, viz, assuming 
ad_b—c 
be d=. 

we have Vl +Vm,+ Vn, =0. 

We have then also 


aVi,+bVm,+eVmn=aVl+bVn+eVvn 


= oh (dd Vl — aa” p)— y pa 0b Vn- ce vT): 


but we find 
dd V1 —aa tee =" (bb Vn = co Vm), 


and thence 


aVvl+bVm +e gpa = r = fata aA (bb Vn — ce vm), = 0, 


in virtue of Rer me Hence VI, : Vm, : Vm, =b-c : c—a : a—b, or the corre- 


sponding trizomal is a conic, but the other trizomal is a quartic. 


71—2 
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205. V. Vl=Vm=Vn =Vp; order of tetrazomal is =5; orders of trizomals = 3, 2; 
same as V. supra. 


VI. vi+Vp=0, Vm+Vn=0, aVl+bVm+ceVvn+dVp=0; order of tetrazomal 
=5; orders of trizomals are 3, 2. 


We have here 
WETS, ‘seal a ai 


goa ae ea 


oo Vin-+ n/ evm, 


or writing the values of Vm,, Vn, in the form 


Vin = Vine 4/28? in 


re: fends pee vig 


then observing that as before i= m, if to fix the ideas we assume VJ = af = Vm, the 


equations are 


V} = tata and similarly Vl}, = ate 
Prag Vm +91, Vin, =Vm —* Vi, 
Vm =— N+ 51, ng =m —< Nl, 


whence 
VI +V¥m,+Vn,=0, ~l -Vm — Vn, =0. 
We have moreover ; 


bVin, +o Vm =(b— 0) Vm + Vi, 


and thence 
avl, +bVm, +eVn, =(a—d)Vi+(b—c)Vm=0, 
so that 
Vl:V¥m,:V¥n=b-c:c—a:a—); 
the corresponding trizomal is thus a conic, and it has been seen that the other 
trizomal is a cubic. 
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VIL. If we have} 1,1,1,1 ;=0,and(1,1,1,1 (VI Vm Vn, Vp)=0, 


ae. 6. 8 e Ue Ou 
d, B, e, A œ, b, e, æ 
a’, b2, c’, d”? a’, b”, "2, qi’? 


the tetrazomal has a branch ideally containing (z*=0) the line infinity 3 times; order 
is =5; orders of the trizomals are 3, 2. We have here 


Vi: V¥m:Vn:Vp=a:b:e: 4, 


and thence 
vi, =a+d , Va sajd , 
lie =b— 4), Vege), 
| ARE A A a OR LB 
a a 
which give ea i $ Bi: g! 
Vl +m +ym=0, Vi,+Vm,+Vn,=0. 
Moreover 


avl, +bVm +cVm= a(a+d)+bb+ce 


EN aa 


@a-hd-0-04/ 
afa- -06-94 5}, 


aviebmt elm aa (a—d)+0-da/ si} 


Il 


and similarly 


whence in virtue of 
ad _ (b —c) 
be (d—a)?’ 


one of the two expressions is =0; and the trizomals are thus a conic and a cubic. 


Article No, 206. The Decomposable Curve; Transformation to a different set of 
Concyclic Foci. 


206. Consider the decomposable case of 


VIA +V¥mB + Vn + VpD =0; 
viz, the points A, B, C, D lie here in a circle, and we have shart ote i 


Taking (4, D,) the antipoints of (A, D); (B,, Cı) the antipoints of (B, C); then 
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AD = AD, B,C, = BE (No. 65) and referring to the formule, ante, Nos. 100 et seq., 
it appears that we can find l, m,, m, pı such that identically 


—1 +mB +n -pD = — LM + mB, + mG —p,D,, 
and moreover that lp=l,p,, mn = mn. 


The equation of the curve gives 


—IA +mB +n€ -pD —2VipAD +2VmnBC =O, 
which may consequently be written 


aay 12, + mH, + n,G, > pd, re 2 VLp: lD, + 2 Vm n DG, = 0 ; 
viz., this is 


Vb, +Vm,B, + VE, + Vp,D, = 0; 


that is, the two trizomals expressed by the original tetrazomal equation involving the 
set of concyclic foci (A, B, C, D) are thus expressed by a new tetrazomal equation 
involving the different set of concyclic foci (A,, Bı, C1, Dı); and we might of course 
in like manner express the equation in terms of the other two sets of concyclic foci 
(A,, Bı}, Cz, D,) and (A;, B;, Cs, Ds) respectively. It might have been anticipated that 
such a transformation existed, for we could as regards each of the component trizomals 
separately pass from the original set to a different set of concyclic foci, and the two 
trizomal equations thus obtained would, it might be presumed, be capable of composition 
into a single tetrazomal equation; but the direct transformation of the tetrazomal 
equation is not on this account less interesting. 


ANNEX I. On the Theory of the Jacobian. 


Consider any three curves U=0, V=0, W= 0, of the same order r, then writing 
d(U, y, W) d,U, d,V, d,W l, 
d(t,% 2) | dU, dyV, dW 

el Oe. ibe W \ 


J (U, V, W)= 


we have the Jacobian curve J (U, V, W)=0, of the order 3r — 3. 


A fundamental property is that if the curves U=0, V=0, W=0 have any 
common point, this is a point on the Jacobian, and not only so, but it is a node, or 
double point, that is, for the point in question we have J=0, and we have also 


dJ =0, dyJ =0, dJ =0. 


It follows that for the three curves 10+210=0, 1»0+MOb=0, nO+NbO=0 
(@=0 of the order r—s’, ®=0 of the order r—s, L=0, m=0, n=0 each of the 
order s, L=0, M=0, N=0 each of the order s) which have in common the 
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(r—s’)(r—s) points of intersection of the curves @=0, ®=0, each of these points is 
a node on the Jacobian, and hence that the Jacobian must be of the form 


J(IO+L®, mO + MỌ, nO + ND) = AO? + 2BO’ + Cb? = 


where obviously the degrees of A, B, C must be r+2s’'—3, r+s+s'-3, r+2s—3 
respectively. In the particular case where s’=0, that is where J, m, n are constants, 
we have A=0; the Jacobian curve then contains as a factor (P=0), and throwing 
this out, the curve is BO+C®=0, viz, this is a curve of the order 2r+s—3 
passing through each of r(r— s) points of intersection of the curves ©=0, ®=0. 

In particular, if r=2, s=1, that is, if the curves are the conics 0+ LỌ = 
©+Mb=0, 6+ Nb=0, passing through the two points of intersection of the conic 
©=0 by the line ®=0, then the Jacobian is a conic passing through these same 
two points, viz, its equation is of the form ©4+0Q@=0. This intersects any one of 
the given conics, say © + L®=0 in the points ©=(0, ®=0, and in two other points 
0+ 06=0, O-L=0; at each of the last-mentioned points, the tangents to the two 
curves, and the lines drawn to the two points @=0, @=0, form a harmonic pencil. 


Although this is, in fact, the known theorem that the Jacobian of three circles 
is their orthotomic circle, yet it is, I think, worth while to give a demonstration of 
the theorem as above stated in reference to the conics through two given points. 


Taking (¢=0, «=0), (z=0, y=0) for the two given points ©=0, ®=0, the 
general equation of a conic through the two points is a quadric equation containing 
terms in 2’, za, zy, wy; taking any two such conics 

c2? + 2fyz +2gzæ +2hay =0, 

O2 + 2Fyz + 2Gzæ + 2Hay =0, 
these intersect in the two points (æ =0, z=0), (y=0, z=0) and in two other points; 
let (æ, y, z) be the coordinates of either of the last-mentioned points, and take (X, Y, Z) 
as current coordinates, the equations of the lines to the fixed points and of the two 


tangents are 
Az—Zx=0, Yz—Zy =0, 


(hy +92) (Xz—Za) + (he +fz)(Ye—Zy) =0, 
(Hy + Gz) (Xz — Za) + (He + Fz) (Yz — Zy) = 0, 
whence the condition for the harmonic relation is 
(hy + g2) (Ha + Fz) + (ha + fz) (Hy + Gz) = 0, 
a (JG + 9F) 2+ (dF + fH) yz + (gH +hG@) zs + 2hHay = 0, 
but from the equations of the two conics multiplying by 4H, $h and adding, we have 
4 (cH +hC) 2+ (hF +fH) yz + (gH +h@) zx + 2hHay =0; 


viz., the condition is thus reduced to 


cH + hC—2(fG+gF) = 0, 
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so that this condition being satisfied for one of the points in question, it will be 
satisfied for the other of them. Now for the three conics 

c22 +2f yz+29g 2x + 2h xy =0, 

c'2* + 2f’ yz + 29’ za + 2h’'xy =0, 

2? + Af "ys + 29" zu + 2h’ ey = 0, 
forming the Jacobian, and throwing out the factor z, we may write the equation in 


the form 
C2 + 2Fyz + 2Gzæ + 2Hay = 0, 


where the values are 
C=g(fe’-f')+ 9 (f'e—fe") +9" (fe —f'e); 
H=g fl -—Wwpy+g WF -+g hf -hf), 
2F =h(fo’—f'c) +h’ (f'c—fe’) +h" (fe —fc), 
2G =h (Cg — g) +h’ (g — cg") +h" (cg — e'g); 
and we thence obtain 
cH + hO =- (fg — f'g) h- ch’) + (f"9 -Jgh — ch) 
= 2(fG+9F), 


viz., the condition is satisfied in regard to the Jacobian and the first of the three 
conics; and it is therefore also satisfied in regard to the Jacobian and the other two 


conics respectively. 


I do not know any general theorem in regard to the Jacobian which gives the 
foregoing theorem of the orthotomic circle. It may be remarked that the use in the 
Memoir of the theorem of the orthotomic circle is not so great as would at first 
sight appear: it fixes the ideas to speak of the orthotomic circle of three given circles 
rather than of their Jacobian, but we are concerned with the orthotomic circle less as 
the circle which cuts at right angles the given ita than as a circle standing in 
a known relation to the given circles. 


ANNEX II. On Casey’s Theorem for the Circle which touches three given Circles.  \ 


The following two problems are identical : 
1. To find a circle touching three given circles. 


2. To find a cone-sphere (sphere the radius of which is =0) passing through 
three given points in space. 


In fact, in the first problem if we use z to denote a given constant (which may 
be =0), then taking a, a and i(z—a”) for the coordinates of the centre and for the 
radius of one of the given circles; and similarly b, b’, i (z—b”); c, c’, i(z— c”) for the 
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other two given circles; and S, S’, i(z— 8”) for the required circle; the equations of 
the given circles will be 

(x—a)?+(y-—a P+ (z-a"P =0, 

(x— bP +(y—U' +(2z-b"}=0, 

(=c +y- +z- P=0, 
and that of the required circle will be 

(x -SF +(y -S'Y + (e-S8”P=0. 
In order that this may touch the given circles, the distances of its centre from the 
centres of the given circles must be i(8”—a”), i(S” —b”), i(S” — c”) respectively; the 
conditions of contact then are 

(S-a + (S — +S” — a" f= O, 

(S— b+ (S -VY + (S”— b’”¥ =0, 

(S—c)?+(S’-—c' Y+” c” Pp =0, 
or we have from these equations to determine S, S, S”. But taking (a, a’, a”), 
(b, b’, b”), (c, c, c”) for the coordinates of three given points in space, and (S, S’, 8”) 
for the coordinates of the centre of the cone-sphere through these points, we have the 
very same equations for the determination of (S, S’, 8”), and the identity of the two 
problems thus appears. 

I will presently give the direct analytical solution of this system of equations. 
But to obtain a solution in the form required, I remark that the equation of the 
cone-sphere in question is nothing else than the relation that exists between the 
coordinates of any four points on a cone-sphere; to find this, consider any five points in 
space, 1, 2, 8, 4, 5; and let 12, &. denote the distances between the points 1 and 2, &c.; 
then we have between the distances of the five points the relation 


Se Hid AEE A E ER ER, S, 
Cg a T Mak E Pa T T 
1, 21, 0, 28, 24, 25 
i St. 38." bo ga as 
ee ee ae ee ae 


— —2 —2 
1. BY, 88. 58... 54... 0 
whence taking 5 to be the centre of the cone-sphere through the points 1, 2, 3, 4, 
we have 15=25=35=45=0; and the equation becomes 


—2 —2 — 
ee | ee 
—2 —2 -—2 
41, 42, 43, 0 
ME 72 
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which is the relation between the distances of any four points on a cone-sphere; this 
equation may be written under the irrational form 


23.144 31.24+12.34=0. 


Taking (a, a’, a”), (b, b’, b”), (c, ©’, œ), (æ, y, z) for the coordinates of the four points 
respectively, we have 


23=V(ib—cP+(' -0+0 iF, 14=V(e—ayt(y—ayt(z—a’y, 
81 =Ve—ayt(@ UFFO, AVe- ty- VFF G-VY, 
12 = V(a—bp + (a —U y+ (a"—b", 34=va oft- Fte Y, 


or the symbols having these significations, we have 
23.14 +31. 24412.34=0 


for the equation of the cone-sphere through the three points; or rather (since the 
rational equation is of the order 4 in the coordinates (#, y, z)) this is the equation 
of the pair of cone-spheres through the three given points; and similarly it is in 
the first problem the equation of a pair of circles each touching the three given circles 
respectively. 

In the first problem the radii of the given circles were i(z— a”), i (z — b”), i(z— c”) 
respectively; denoting these radii by a, 8, y, or taking the equations of the given 
circles to be 

(z-a}+(y- gf- & =0, 
(z-b} +y -vF -e =0, 
EP PaE; 
the symbols then are 
23=V0 -7+0 -0F-@-yf, =V- ty- CF- ë, 
3I= (c -a}+(" -a F- (y-aF, 24=V(@-—bf +y -V-A 
I2=V(a-b} +(w-V¥—-@—By, B4=V(e- cP +y- IFY, 


and the equation of the pair of circles is as before 


where it is to be noticed that 23, 31, 12 are the tangential distances of the circles 
2 and 3, 3 and 1, 1 and 2 respectively; viz., if a, ,`y are the radii taken positively, 
then these are the direct tangential distances. By taking the radii positively or 
negatively at pleasure, we obtain in all four equations—the tangential distances being 
all direct as above, or else any one is direct, and the other two are inverse; we have 
thus the four pairs of tangent circles. 


The cone-spheres which pass through a given circle are the two spheres which 
have their centres in the two antipoints of the given circle; and it is easy to see 
that the foregoing investigation gives the following (imaginary) construction of the 
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tangent circles; viz, given any three circles A, B, C in the same plane, to draw the 
tangent circles. Taking the antipoints of the three circles, then selecting any three 
antipoints (one for each circle) so as to form a triad, we have in all four complementary 
pairs of triads. Through a triad, and through the complementary triad draw two 
circles, these are situate symmetrically on opposite sides of the plane; and combining 
each antipoint of the first circle with the symmetrically situated antipoint of the second 
circle, we have two pairs of points, the points of each pair being symmetrically situate 
in regard to the plane, and having therefore an anticircle in this plane; these two 
anticircles are a pair of tangent circles; and the four pairs of complementary triads 
give in this manner the four pairs of tangent circles. 


I return to the equations 
w- +y -5P +e -8}=0, 
(a—S) +(a —-S’P+(a’ —S’P=0, 
O-SP +U —S'¥ +" — 8" =0, 
(c -SP +(e -SF +(e” —S”P=0; 
by eliminating (S, S’, S”) from these equations we shall obtain the equation of 
the pair of cone-spheres through the points (a, a’, a’), (b, b, b”), (œo œ, c”). Write 
a—8, y— 8’, 2-8” =X, Y, Z, then we have X?+ Y?+ Z= 0, and, putting for shortness 
A =(a -4f +a -yF +(a”—2y, 
B=(b—a) +V -y} +0" -—2}, 
Gela E SE ey, 
then, by means of the equation just obtained, the other three equations become 
A +2[(@—2)X +(a' —y)Y+(a"—z2)Z]=0, 
B +2 [(b-—«2)X +(V'-y) Y+(b"—z)Z]=0, 
© +2[(c—a2)X+(c —y) Y +(”-—z)Z]=0. 


These last equations give 
X: Y: Z= AA +D +vE 


: NA +u +7 CE 
: AA + p” B + v'G, 


where i 
X =b —b"¢ +(e —b’)z—(c" —b")y, 


p =¢a" —c"a + (w — e )z—(a”— ce" )y, 
v =4b" -a'b 4+ (V —a' )z —(b” —a")y, 
A =b" —be” +(e” —b”)a-—(e —b )z, 

' = c'a — ca” + (a"— c )æ— (a —e )z, 
v =a"b — ab” +(b” —a”)æ— (b —a )z, 
a=b” —b’e +(c —b )y- (č —b' )a, 
p= —ca +(a —c )y— (w -C' )2, 


y’=ab’ —a’b +(b —a )y-(b -’) 2; 
72—2 
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and the result of the elimination then is 
(AM + wB+ vj? + (r'A + BHE + (AA + uB + v"CY =0 

But substituting for M, B, © their values, and writing, for shortness, 
—i =e" bd +a” — oa +b” — a”b, 
—j =b"c —be’ +c"a — ca” +a"b —a b”, 
—k =bť -bce +ca’—ca +a b —a b, 

A =a(b'c’ — b"c) +a (be — be”) + a” (be — b'c), 

—p = (b'o — b"c) (@ +a + a”) + (da” — c'a’) (b + b +b”) + (ab — ab’) (e + c° + o”), 
—q =(b’c — be) (@ +a? +a") + (ca — ca” ) (b + b+ b") + (ab — ab” ) (e + c + c”), 
—r =(be — b'e )(a +a? +a") + (ca — da ) (b +b +b") + (ab —ab’ ) (etet e”), 
-l =(c -b )(@+a%+a")+(a —c_ )(Bh+027+0%+(b -a )(?+c?+c”), 
—-m=(c -b )(@+a%+a")+(a —c ) (b+ D+ A leee”), 
-n =( ” —b” \(@ +a +d + a” e" ) (+b ++b +b aa" Hee”), 


AA+ uB + vE 
=— (++) 
+ 20 (a? + y? + 2°) — 2a (is + jy + kz) — 24g + ny — mz — p, 
with similar expressions for NA + pB +C, A+ uB +v”, and the result is 
fi (2 + y+ 2°) — 2a (iv+jy+khz)—2Av+ ny — mz—p} 
+ [j (æ+ y+ e) — 2y (is +jy+kz)— ne —2Ay+ le —q} 
+ [k (+y +2) — 2z (ise +jy+kz)+ me— ly —24Az -r } = 0, 
viz., this is 
(2? + 9? + 27)? (0? +7? + kh?) 
+ (a+ y? + 2°) [4A (ix + jy + kz) +2 (i (ny — ai) + j (lz — naw) + k (ma — ly)) 
+ 4A? — 2(ip+jqt+kr)+(2+ m + n’)} 
— (la + my + nz? +4 (ix + jy + kz) (pa + qy + rz) 
+4A (px + qy +12) — 2 (p (ny — mz) + q (lz — nx) + r (mæ — ly)) 
PP EIES 
viz, this is in the rational form the equation of the pair of cone-spheres. The 


function on the left-hand side must, it is clear, be save to a numerical factor the 
norm of 


+ V(c -af + (č -aY 4 (aF. V(a—b y+ (y—V + (2-0 
+ V(a— by + (a -UPH UF. Næ- t-f +E- Y, 
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the numerical factor of the expression in question is in fact =—4, that is, the 


norm is 
=—4( ty + PSE +j + k?) + &e.; 


so that attending only to the highest powers in (æ, y, z) we ought to have 


Norm {V(b —0}+ (b — c $+" F+ (c-a +(e —a P+ (0 —a P+ V(a—b)?+- (a —0 + (a — 0} 
=— 4 (P +P + k). 
It is easy to see that the norm is in fact composed of the terms 
2(b -Ph (b—c—(c— a)? —(a— by, 
+ 2(c' —a’? {—(b—c)?+ (c—a)?—(a—b), 
+ 2(a —b' }{— (b— c} —-(e—a)? + (a — by, 


and of the similar terms (a, b, c), (a’, b”, c"), and in (w, V, c’), (a”, b”, eY; the above 
written terms are = — 4 into 


(V —c’P(a—b)(a—c)+(c' — «f (b—c)(b—a) + (a —b’) (c-—a)(c—)), 


which is 
=a” (b— c} +b” (c—af +c” (a — bF 


+ 2b’c’ (a — b) (c — a) + 2c'a' (b — c) (a — b) + 2a'V' (c — a) (b — c), 
={a' (b—c) +b’ (c — a) +c (a — b) 
=k; 
and the value of the norm is thus =-— 4 (°? +f + k’), as it should be. 


ANNEX III. On the Norm of (b—c) vI + (c—a)VB°+(a—b) vE, when the Centres 
are in a Inne. 
The norm of VU+VV+%W is 
=(1, 1, 1, -1, — 1, -1% U, V, WF, 
whence that of VYU+W4+VV4+V4VW+ W’ is 
= (1,1,1,-1,-1,-14U, V, WY 
pt 57 ee es 
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where the last term is =2 into 
U(U-V-W)+V'(-U+ V-W)+W(-U-V+W); 
and the norm of VU+U0'+ 07 +VV+ V+ V"+VW+ W'+ W” is obviously composed 


in a similar manner. 
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Now, applying the formula to obtain the norm of 
(b—c) Vai +O0+a+4+(c—a) VP+04+8+(a—b) Vet O+y, 


the expression contains six terms, two of which are at once seen to vanish; and 
writing for shortness (,,) in place of (1, 1, 1, —1, — 1, — 1) the remaining terms are 


(C) (@- ce (¢— a} B, (a — bY y} 
+2 (,)((b—c)a, (C—a)B, (ab) YXO- c}a, (e—a) b, (a -bF è) 
+20 (,) (@— c} a, (c =a} B, (a— bP A0 -0)} , (c-a? ,(a-bF ) 
+ 20(,) (b-c}'a’, (c— a} b, (a =b} eY- c) , (c-a? , (a—by ); 
the first of. these terms requires no reduction; the second, omitting the factor 2, is 
(b—cPal (b-—cPa—(c—a?Ph—(a—byc’] 
+ (c —a¥ B [- (b — cf æ+ (c — aY b -— (a — bY cè] 


+ (a — bY y [~ (b — cf a -— (c — af b+ (a— bYe]; 
which is 


=2 (a —b) (b — ¢) (c — a) [be (b —c) a + ca (c — a) B + ab (a — b) y]. 
Similarly the third term, omitting the factor 29, is 
(0 = cal C= oF e a= (a by] 
+ (c—a? B[—(b—c) + (c—aP—(a— bY] 
+ (a—b)y [—-(b-—cP —(c— a) + (a— bY], 


which is 


= 2(a—b)(b—c)(c—a)[(b—c) a+ (c—a) B+ (a —b)y], 


and for the last term, omitting the factor 20, this may be deduced therefrom by writing 
(a?, b?, c*) in place of (a, Buxy), viz. it is 


= — 2 (a — b} (b — c} (c — a}. 
Hence, restoring the omitted factors, and collecting, we find 
Norm {(b—c)Va?+0+a+ (c—a)VP+04+84(a—b)Ve+0+y} 
=(b—c)*a? + (e—a) p+ (a-b y — 2 (c — a)? (a —b) By — 2(a—b)*(b—c)*ya—2(b—c)*(c—a'aB 
+40 (a-b) (b—-c) (c—a)[ (b-c)at+ (c-a)B+ (a—b)y] 
+4 (a—b) (b—c) (c—a) [be (b—c)a+ca(c—a)B+ab(a—b) y] 
~ 40 (a — b} (b — c} (c — a}. 
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Hence, first writing a-s, b—a, c-æ in place of a, b, c; then y? for 6, and 
(-a, — b", =) for (a, B, y); and finally introducing z for homogeneity, we find 


Norm {(b—c) V(a—az?+y—a?2+4(c—a)V¥,+(a- b) V ,,} = 2? into 
2 ((b— c) a”! + (c—a)'b + (a — b) o” 
— 2 (c — a} (a — b} b”? c"? — 2 (a — b} (b — c} o”? a” — 2 (b — cY (c — a} a’ b") 

— 4y (b—c)(c—a)(a—b)[ (b—c)a+(c—a)b" +(a—b)c"] 

—4 (b-c)(c—a)(a—b){ (b-c) a’? (2 be — zæ (b +c) + 2°) 
+ (c —a)b (2 ca — zæ (c + a) + a) 
+ (a — b) c”? (2 ab — zæ (a + b) + 2*)} 

-4y (b-c) (c-a) (a—by, 


so that the equation (b—c) VI + (c-a) VB°+(a—b) VE =0, in its rationalised form, 
contains (2? = 0) the line infinity twice, and the curve is thus a conic. If a”? =b” = 0" = k"? 
then the expression of the norm is 


=2" into — 4 (a — bY (b — cY (e — a¥ (y? — k” 2), 


viz, when the three circles have each of them the same radius %”, the curve is the 
pair of parallel lines y?—k”2?=0; and in particular when k’=0, or the circles reduce 
themselves each to a point, then the curve is y?=0, the axis twice. 


ANNEX IV. On the Frizomal Curves VIU+VmV+VnW =0, which have a Cusp, or 
two Nodes. 


The trizomal curve VIU+V¥mV+%VnW=0, has not in general any nodes or cusps: 
in the particular case where the zomal curves are circles, we have however seen how 
the ratios 2: m :n may be determined so that the curve shall acquire a node, two 
nodes, or a cusp; viz, regarding a, b,c as current areal coordinates, we have here a 
conic l 4 yo, the locus of the centres of the variable circle, and the solution 
depends on establishing a relation between this conic and the orthotomic circle or Jacobian 
of the three given circles. I have in my paper “Investigations in connection with 
Casey’s Equation,” Quart. Math. Jour. vol. vit. (1867), pp. 334—342, [395] given, after 
Professor Cremona, a solution of the general question to find the number of the curves 
VlU+VmV+VnW=0, which have a cusp, or which have two nodes, and I will here 
reproduce the leading points of the investigation. I remark, that although one of the 
loci involved in it is the same as that occurring in the case of the three circles 
(viz, we have in each case the Jacobian of the given curves), the other two loci 
5 and A, which present themselves, seem to have no relation to the conic of centres 
which is made use of in the particular case. 
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We have the curves U=0, V=0, W=0, each of the same order r; and con- 
sidering a point the coordinates whereof are (l, m, n), we regard as corresponding to 
this point the curve Vi0 + VmV + VnW =0, say for shortness, the curve ©, being as 
above a curve of the order 2r, having 7? contacts with each of the given curves 
U=0, V=0, W=0. As long as the point (l m, n) is arbitrary, the curve Q has not 
any node, and in order that this curve may have a node, it is necessary that the 
point (l, m, n) shall lie on a certain curve A; this being so, the node will, it is easy 
to see, lie on the curve J, the Jacobian of the three given curves; and the curves 
J and A will correspond to each other point to point, viz, taking for (l, m, n) any 
point whatever on the curve A, the curve © will have a node at some one point 
of J; and conversely, in order that the curve Q may be a curve having a node at 
a given point of J, the point (l, m, n) must be at some one point of the curve A. 
The curve A has, however, nodes and cusps; each node of A corresponds to two points 
of J, viz., for (l, m, n) at a node of A, the curve Q is a binodal curve having a node 
at each of the corresponding points of J; each cusp of A corresponds to two 
coincident points of J, viz. for (l, m, n) at a cusp of A, the curve © has a node at 
the corresponding point of J. The number of the binodal curves Q is thus equal to 
the number of the nodes of A, and the number of the cuspidal curves Q is equal to 
the number of the cusps of A; and the question is to find the Pliickerian numbers of 
the curve A. This Professor Cremona accomplished in a very ingenious manner, by 
bringing the curve A into connexion with another curve = (viz, = is the locus of 
the nodes of those curves 1U+mV+nW=0 which have a node), and the result arrived 
at is that for the curve A 


Order = 3(r—1)(8r-—- 2), 

Class = 6 =1¥, 

Nodes = $(r—1) (27r* — 63r? + 22r + 16), 
Cusps = 3(r—1)(7r-8), 


3 (r — 1) (127° — 367? + 197 + 16), 
12 (r—1)(r—2); 


Double tangents 


Inflexions 


so that, finally, the number of the cuspidal curves Vl1U+VmV+%VnW =0, is found to be 
=3(r—1)(7r—8), and the number of the binodal curves of the same form is found 
to be = 8(r—1) (27r°— 63r°+ 22r +16). When the given curves are conics, or for r=2, 
these numbers are =18 and 36 respectively; but the formule are not applicable to 
the case where the conics have a point or points of intersection in common; nor, 
consequently, to the case of the three circles, 
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